arXiv:1506.03575vl [math.DG] llJun2015 


REALIZATION OF GLOBALLY EXCEPTIONAL RIEMANNIAN 
4-SYMMETRIC SPACE EsIiEsT^ 


TOSHIKAZU MIYASHITA 


Abstract. The compact simply connected Riemannian 4-symmetric spaces were classi¬ 
fied by J.A. Jimenez. As homogeneous manifolds, these spaces are of the G/H, where G is 
a connected compact simple Lie group with an automorphism y of oder 4 and // is a fixed 
points subgroup of G. In the present aiTicle, for the exceptional compact Lie group 
G = iJg. we give the explicit form of automorphism of order 4 induced by the R-linear 
transformation o^' and determine the structure of the group . Thereby, we realize the 

globally exceptional Riemannian 4-symmetric space Egl{Eg)°i . 


1. Introduction 

It is well-known that the notion of the Riemannian k-symmetric space is a generalization 
of the Riemannian symmetric space. Its definition is as follows: 

Let G be a Lie group and H a compact subgroup of G. A homogeneous space G/EI with 
G-invariant Riemannian metric g is called a Riemannian k-symmetric space if there exists 
an automorphism f of order k on G such that (G^)o c H c G^, where G^ and (G^)o is 
the fixed points subgroup of G and its identity component, respectively, and such that the 
transformation of G/EI induced by y is an isometry (B). 

Until now, the Riemannian 3-symmetric spaces were classified by A. Gray |[3l, and 
moreover the compact Riemannian 4-symmetric spaces were classified by J.A. Jimenez 
H as mentioned in abstract. 

Now, for the exceptional compact Lie groups G = G 2 , E 4 , Eg, £ 7 , we have already 
realized the Riemannian 4-symmetric spaces G/H by giving automorphisms f of order 4 
explicitly and by determining the structure of the group H - G'^' corresponding to the Lie 
algebras of Tables III, IV and V in |0|. In particular, for G = Eg, there exist seven 
types of Riemannian 4-symmetric spaces. From now on, we call those spaces ’’Globally 
exceptional Riemannian 4-symmetric spaces”. The main purpose of this article is to give 
the automorphism cr '4 of order 4 on £g explicitly and to determine the structure of the fixed 
points subgroup (Eg)"^ of Eg, where the structure of the group (Eg)"^ is as follows: 

(Eg)^ s (SpiniG) X Vn(10))/Z4. 

Here, the spinor groups Spin(6) and Spin/IQ) above are respectively realized as the sub¬ 
group {F 4 )Ej,E 2 ,E,,Fi{et),k=o,i ^ud the subgroup (£g)‘^’®“(®^ of (Eg)'^, where the definitions 
or the details of (E 4 )£,,£ 2 ,£ 3 ,Fi(ct),it=o,i and (Eg)° 4 ’^“*®^ are shown later. This amounts to the 
globally realization of one of seven types with an automorphism of order 4 on Eg. 

According to lU, it is known that the involutive automorphisms of k-symmetric spaces 
G/H preserving H are important, because such involutive automorphisms play an impor¬ 
tant role in the classification of symmetric submanifolds on symmetric spaces. 

On the globally exceptional Riemannian 4-symmetric space Eg/(£g)‘^, the involutive au¬ 
tomorphism of this 4-symmetric space preserving (Eg)*^ is given as the involutive auto¬ 
morphism & induced by the C-linear transformation cr of the complex vector space eg*'. 
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where cr is defined later. Moreover, from (£ 8 )°^ = 5i(16)(= Spinilb) jZ 2 ) (Ifil Proposition 
4.20.2]) and (o^')^ = we can confirm that the space has the structure of fiber 

bundle as follows: 

(E,ri{E,)< ^ Eg/iE,f^ ^ Eg/(E,r, 

that is, 

Ss(l 6 )/(Spin( 6 )xSpin(lO))/Z 4 ^ Esl(Spin( 6 ) x Spin(lO))IZ 4 ^ E^/Ss(l 6 ). 

Again we would like to state about the group The essential part to prove the 

isomorphism as a group is to show the connectedness of the group In order to 

obtain this end, we need to treat the complex case as follows: 

(F 4 ^)Ei,E 2 ,Ej,Fi(et),k= 0 ,l - Spm( 6 ,C), 

iE 2 ^Y^ s ( 5 L( 2 ,C)x 5 p/n( 6 ,C)x 5 p/n( 6 ,C))/Z 4 , 
(£^C)<,so( 6 ,c) ^ SL(2,C) X Spin( 6 ,C), 

(£^C)<,so( 6 ,c) ^ Spin(10,C), 

s ( 5 p/n( 6 ,C)x 5 p/n( 10 ,C))/Z 4 , 

and the connectedness of the group the definitions or the details of the group 

on the left-hand side in each row above are also shown later. 

In this article, in order to study the subgroups of E% as mentioned above, since we need 
to have some knowledge of the their complexification G*' of G = £4, £ 5 , £7 or £§, refer to 
ID, m, 11 or Qol, and we use the same notations as in m, 0 , m or CD. 

Finally, the author would like to say that the feature of this article is to give elementary 
proofs by the homomorphism theorem except several proofs. 


2. Preliminaries 

Let 3(3, (£*') and 3(3, £) be the exceptional C- and /?-Jordan algebras, respectively. In 
3(3, (£*'), the Jordan multiplication JfoF, the inner product (X, Y) and a cross multiplication 
XxY, called the Freudenthal multiplication, are defined by 

XoY ^ ^(XY + YX), (X, Y) = tr(X o Y), 

XxY ^ ^(2X oY- tr(X)F - tr(Y)X + (tr(X)tr(Y) - (X, Y))E), 

respectively, where £ is the 3x3 unit matrix. Moreover, we define the trilinear form 
(X, Y, Z), the determinant detZ by 

(X, Y, Z) ^(X,Yx Z), detZ = i(Z, Z, X), 

respectively, and briefly denote 3(3, £'') and 3(3, £) by 3'' and 3, respectively. In 3, we 
can also define the relational formulas above. 

The connected complex Lie group £4*' and the connected compact Lie group £4 are 
defined by 

£ 4 '^ = {a e Isoc(3'^) I a(X o Y) ^ aX o aY] 

= (a e Isoc(3‘^) I detaZ = detZ, (aX, aY) = (X, T)) 

= {a e Isoc(3'') I detaZ = detZ, a£ = £), 


£4 = {a e Iso«(3) I a(X oY)^aXo aY], 
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respectively. Let r be the complex conjugation in 3*'- Then we have F 4 = {F^^y (see US 
Section 2.4] in detail). Moreover, the Lie algebra ( 4 *' of the group F/f is given by 

f4^ “ {/) + Ai(tzi)+ . 42 (^ 12 ) ^ ^ 0 ( 8 ,L), ci]i c (£^,k — 1,2,3], 

where Ayak) is the C-linear mapping of 3*^ (see |[ 8 ] Theorem 2.2.2] in detail). 

We dehne an /?-linear transformation 0-4 of 3 by 



r^i 

■3:3 

T2) 


r ^i 

-X 3 ei 

eiX 2 ) 

cr'4X — cr'4 

2 C 3 

^2 

Xi 


-xsei 

^2 

-eixyei 


U2 

Xi 



1 eiX 2 

-e\X\e\ 

6 j 


where the element e\ is one of the basis of (£ = {eo — l,ei,e 2 , ■ ■ ■ ,ej}R. Hereafter, a 
symbol means one of the basis of (£ or (£*'. Then we have that cr 4 e 5p/n(8) c ^"4 c 
F^-, {cr'4)^ = 1 , ((T4)^ = cr, where an /?-linear transformation cr : 3 ^ 3 is defined by 



'^1 

X3 

T2' 


'^1 

-X3 

-T2' 

crZ = cr 

X3 

^2 

Xl 


-X3 

^2 

Xl 


A 2 

Xl 

6 . 


.-31:2 

Xl 

6 . 


(Note that the /?-linear transformation cr of 3 is naturally extended to the C-linear trans¬ 
formation of 3*' ) Hence cr 4 induces the automorphisms cr '4 of order 4 on F 4 : <T' 4 {a) - 
cr 4 *Q'cr 4 ,Q' 6 F 4 , and using inclusion F 4 c ^’ 4 *', the /?-linear transformation 0-4 of 3 is 
naturally extended to the C-linear transformation of 3''- Hence cr 4 induces the automor¬ 
phisms cr '4 of order 4 on ^' 4 ''; cr' 4 (a) = cr' 4 “*acr' 4 , a e ^’ 4 *'. 

The simply connected complex Lie group Cg*' is dehned by 
Cg*' = (a e Isoc(3*') I detaX = detX] 

= (a e Isoc(3^) I (aX, aY, aZ) = (X, Y, Z)]. 

Then we have naturally the inclusion ^ 4 *' c Cg*', and it is easy to see (C’g*')^ = ^’ 4 *'. 
Moreover, the Lie algebra eg*' of the group Cg*' is given by 

eg^ = (0 = d + f I (5 6 f 4 ^, T e (3^)o), 

where ( 3 ‘')o = 6 3 *' I tr(Z) = 0] and the C-linear mapping f of 3 *' is dehned by 

TX -T o 6 3 *^ (see IfTTl Proposition 2.4.1, Theorem 3.2.1] in detail). 

Let ip*' be the Freudenthal C-vector space 

= 3*^ © 3*^ © C e C, 


in which the Freudenthal cross operation P x Q, P - {X, Y, rf), Q - (Z, W, y ai) e P*-, is 
dehned as follows: 


Px Q - 0((f>,A,B,v), 


(f) = -i{x W W + Z W Y) 

A = -i(2Tx W-^Z-^Z) 

B = i(2Z xZ-rjW - uY) 

V = i((Z, W) + (Z, F) - 3(^w + ^ 77 )), 


where Z V VT e eg*' is dehned by 

XyW^[X,W]+{XoW- i(Z, W)E)~, 

here the C-linear mappings X, W of 3*^ are same ones as in Cg*^. 

The simply connected complex Lie group £’ 7 *' is dehned by 

£7'' = (a 6 lsoc(p‘') I a{P X Q)a^^ - aP x aQ). 
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Moreover, the Lie algebra ev'' of the group E-f is given by 

ev*' = {0(0,A,B, v) 10 e e6‘',A,B e S*', V G C). 

For a e , the mapping a : is defined by 

a(X, Y, rf) = (aX, ‘a^^Y, rf), 

then we have a 6 E-f, and so a and a will be identified. The group Eq^ contains E(,^ as a 
subgroup by 

- (£’ 7 *')( 0 , 0 , 1 , 0 ),( 0 , 0 , 0 , 1 )- 

Hence we have the inclusion c E(f' c Eq^. Using these inclusions, the C-linear 
transformation 0-4 of is naturally extended to the C-linear transformation of 

(r'4(X, Y, 77) = (cr'4X, cr'4Y, rj), (X, Y, 77) e 

Hence we see cr'4 e Eq^, and so cr4 induces the automorphisms cr'4 of order 4 on Eq‘^: 
o-'4(a) - cr4^^acr4,a e Eq'^ . 

Let eg*' be the 248 dimensional C-vector space 

eg'' = ev'' © ip*- © © C © C © C. 

We define a Lie bracket [Ri,R2],Ri —( 0 i, Pi, Qi,ri, si, ti),/?2 = (^2, P2, Qi, rq, sq, tq), by 
[(^’i,-Pi,Gi,''i,siUi),(^ 2,F2, g2,?‘2,S2,f2)] (<P, P, Q, r, s, t), 

0 ^[ 0 l, 0 q]+PlXQq-PqXQi 
p = CP1P2 - 0 qPi + riPq - rqPi + SiQq- SqQi 
Q — ^xQl- “EqQl - riQq + rqQi + t\Pq- tqP 1 

' r - --{Pi,Qq] + -{Pq,Qi] + S\tq- Sqt\ 

i{Pi,P2)+2riS2-2r2Si 

1 

t = -^{Gi> 22) -2rif2 +2rqti. 

Then the C-vector space eg'' becomes a complex simple Lie algebra of type £g. 

We define a C-linear transformation A^, of eg*' by 

/!„(<?, P, Q, r, s, f) = {A 0 A-\AQ,-AP, -r,-t, -s), 

where a C-linear transformation A of on the right-hand side is defined by A(X, Y,^, rf) 
- (Y, -X, rj, —^). As in 3 *', the complex conjugation in eg*' is denoted by t: 

t( 0 , P, Q, r, s, t) — (t 0 t, tP, tQ, tv, ts, rt). 

The connected complex Lie group Cg'' and the connected compact Lie group £g are 
defined by 

Lg'^ = {aGlsoc(eg'^)|a[/?,/?'] = [a/?,a/?']), 

£g = {a G £g'^ I TAojaAojT = a) = (Cg'^)’"''", 
respectively. Moreover, the Lie algebra eg of the group Eg is given by 

eg = {( 0 , P, -tAP, r, s, -ts) \0 e ^q,P e S'', r G iR, s G C). 

For a G £7'', the mapping a : eg*' —> eg*' is defined by 

a( 0 , P, Q, r, s, t) = {a 0 a^^, aP, aQ, r, s, t), 

then we have a G Cg'', and so a and a will be identified. The group Cg'' contains £7'' as a 
subgroup by 

Eq^ = {a G £g'' I a G £7'') = (£8'')(0,0,0,1,0,0),(0,0,0,0,1,0),(0,0,0,0,0,1)- 
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Hence we have the inclusion E^^ c Eg*'. Using this inclusion, since the C-linear transfor¬ 
mation cr% of ip*' is naturally extended to the C-linear transformation of eg*': 

cr4(0, P, Q, r, s, t) - (cr4^' cr\P, cr^Q, r, s, t), ( 0 , P, Q, r, s, t) e eg*', 

we have 0-4 e £’g*', and so 0-4 induces the automorphisms cr'4 of order 4 on Cg*': cr'4(a) = 
cr4“^acr4, a e Cg*', and so is Eg. 

In the last of this section, we state two useful lemmas. 

Lemma 2.1. Eor Lie groups G, G', let a mapping (p : G ^ G' be a homomorphism of Lie 
groups. When G' is connected, ifK&X(p is discrete and dim(g) = dim(g'), is surjection. 

Proof. The proof is omitted (cf. |[8] Lemma 0.6 ( 2 )]). □ 

Lemma 2.2 (E. Cartan-Rasevskii). Let G be a simply connected Lie group with a finite 
order automorphism cr ofG. Then G°^ is connected. 

Proof. The proof is omitted (cf. |[8] Lemma 0 . 7 ]). □ 

After this, using these lemmas without permission each times, we often prove lemma, 
proposition or theorem. 


3. The group (Pi,^)Ei,E2,E,,Fi(et),k=0,\ 

The aim of this section is to determine the structure of the group {PA^)EuE2,E2,Fi(et),k=o,i '■ 
{Fif')EuE2,E2,Fi(ei),k=(i,i = {o' G F\ oEi = Ej, i - 1,2, 3 , aFfek) - Ffek), k - 0, 1). 


Now, we start to make preparations. 

We define groups (_Fa^)ei,E 2,E2 Spin{%, C) by 

(Fa^)euE2,E2 = {o' e Fa‘~ I aEi - Li, i - 1,2,3), 

Spin{%,C) - {(ai, q'2, ag) e 5 ( 9 ( 8 , I (Q'ix)(a2i/) = jc, ^ 6 £*'), 


respectively. Then we have the following theorem. 


Theorem 3.1. The group {Pa^)e,,E 2,E2 is isomorphic to Spin{%,C): {Fa^)euE 2,E2 — 
Spin(%, C). 


Proof. We define a mapping p : Spinif,, C) —> {FA'^)Ei,E2,E2 by 

03x3 02x2'' 


ip((aua2,a3))X = 


03x3 ^2 aixi 

a2X2 aixi ^3 


, e 3 ^. 


This homomorphism ip induces the isomorphism between {Fa^)euE2,E2 and Spin{%, C) (cf. 
Ifin Theorem 2 . 7 . 111 . " □ 


As necessary, we denote any element a 6 (Fa‘^)ei,E2,E2 by (ai, 0-2, ag) e Spinif,, C), that 
is, a - (ai,a2, ag). 

We define an /?-linear transformation di of (£ by 

5 i '. cq —> Cf,, Cl —> eg, e, —> e;, i = 2 , 3 , 4 , 5 , eg —> eo, eg —> ei. 
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basiswisely. Using matrix representation, the explicit form of is as follows; 


fO 

0 


1 0 

.0 1 


1 Of 
0 1 




0 


0 ) 


where the blanks are 0. Then we easily see that e 5(9(8). The /^-linear transformation 
is naturally extended to the C-linear transformation of S''. 

We consider groups {F4^)Ej,E2,Ej„Fi(et),k=0,l,2,iA,5 (F4'^)Ei,E2,E3,Fi(et),k=2,3,4,5,6j' 


(F 4 ^)e, ,E2 ,E3 ,Fi {ek),k~0, 1 , 2 , 3 , 4,5 

(F4^)Ei ,£ 2,£3 ,f 1 (et),k=2,3,4,5,6J 


6 ^ 4 *^ 

aEi — Ei, / = 1,2,3, ) 

aF\{ek) - Fi{ek),k - Q,\,2,3,‘X,5 J 

6 F4^ 

aEi — Ei, / = 1,2,3, ) 

aFi(e;i) = Fi(e^),k = 2,3,4,5,6,7 J 


Hereafter, we often denote k = 0,1,2,3,4,5 by abbreviated form k - 0,... ,5, and also 
often denote these groups above by abbreviated forms (F 4 ^)ei 22 ,Fi{ 0 ,..., 5 ), (T' 4 ‘')£j 23 ,£,( 2 ,..., 7 ) 
as example. The other cases are similar to these. 


Proposition 3.2. The group (F 4 ^)Ei 22 ,Fi{ 0 ,..., 5 ) is isomorphic to the group {F 4 ^)E^ 22 ,Fl( 2 ,...,^)'■ 

(■P’ 4 ‘')£i, 2 . 3 ,£i( 0 ,..., 5 ) = (T' 4‘')£3 2 3 ,£,( 2 ,..., 7 )- 

Proof. We define a mapping ip : (U 4 ‘^)£j 2 , 3 ,£i( 0 ,..., 5 ) ^ ( 9 ^ 4 ‘^)£i. 2 , 3 ,£i( 2 ,..., 7 ) by 

ip{a) = S^^aS, 

where 6 - (( 5 i,d 2 .b 3 ) e Spin{%,C) = (F 4 ^)ei,e 2 ,E 2 (Theorem B.ll l. here bj is defined in 
previous page, and note that for this bi there exist 52 , ^3 e 5(9(8, C) by the Principal of 
triality on 5(9(8, C). From a, 5 6 {F 4 ^)ei,E 2 ,E 2 , it is easy to see that ip{a) e {F 4 ^)Ei,E 2 ,E 2 - 
Moreover, we have that 

ip(_a)F lief) = (5^'a5)Fi(e6) = (5^'a)Fi(5ie6) 

= (5-'a)Fi(eo) = d^^Fiieo) = Fi(5r'eo) = 


Similarly, we have ip{a)Fi{ei) - F\{ei), and it is clear that ip{a)Fi{ek) - Fi{ek),k — 
2,3,4,5. Hence we have ip{a) e (F' 4 ‘')£| 23 ,£i( 2 ,..., 7 ), that is, ip is well-defined. From the 
definition of the mapping ip, it is clear that ip is bijection. 

Therefore we have the required isomorphism 

(■P' 4 ^)£i, 2 . 3 ,£i( 0 ,..., 5 ) = (■P’ 4 ‘')£i. 2 , 3 ,£i( 2 ,..., 7 )- 


□ 


Let the complex unitary group t/(l,C‘') - {6 & C^\99 - 1). Then we have the 
following lemma. 

Theorem 3.3. The group (F 4‘')£,2 3 ,£i( 2 ,..., 7 ) is isomorphic to U(l,C^)\ (F 4 ‘')£j 23 ,£i( 2 ,..., 7 ) - 


Proof. We define a mapping <p : U(l,CE) —> (F' 4 ‘')£| 2 , 3 ,£i( 2 ,..., 7 ) by 


X39 

X39 

f)x2 9 xi 9 


9 x 2 
9 xi 9 
6 , 


6 3 " 


mx = 
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Then (p is well-defined. Indeed, by using the relational formula Re(x(i/z)) = Re(i/(zx)) = 
Re(z(xi/)), x,y,z& we have that 

det(cf>(e)X) = ^i^2^3+2Re(i0xi0)i0X2)(x3)0))-^i(0xi0)(exie) 

-^2(dX2)(02X2) - ^3(X30)(X30) 

= + 2Re((0Xifl)(0(X2X3)0)) - ^l\0XiW - - ft |A 30 |" 

= ftftft + 2Re(0(0Xi0))(0(X2X3)) - ft |xi|^ - ft|X2|^ - ft|X3|^ 

= ftftft + 2Re(xi0)(6(x2X3)) - ft|xi|^ - ft|x2|^ - ft|x3p 
= ftftft + 2Re((X2X3)((xi0)0) - ftlxil^ - ft|X 2 |^ - ft|X3|^ 

= ftftft + 2Re((X2X3)(xi) - ftlxip - ft|X 2 |^ - ft|X3|^ 

= ^iftft + 2Re(xiX2X3) - ^iXiXi - ftX 2 X 2 - ftX3X3 
= detX, 

and it is clear that {(p(0)X, (p{0)Y) - {X, Y), X,Y and (p{0)Ei - Ej, i - 1,2,3. Hence we 
see that (p{0) e (T'4‘')£,Moreover, from e,a = ae,-, i — 2,..., 7, a e t/(l, C*'), we have 
that p{0)F\(ei) - Fi(ei), i -2,.. .,1, that is, (p{0) e (F 4 ‘')E^ 2 ,,Fl( 2 ,...,^)■ Needless to say, p is 
a homomorphism. We shall show that (p is surjection. Let a e (T'4‘')£,23 ,Fi( 2,...,7)- Here, set 

= {Fk{x) IX e = {X e 3^ 1o X = 2Ek-,2 o X = X), ^ = 1,2,3, 

where the indices are considered as mod 3. Then from aEj - Ej, we have aX 6 (3'')/(r for 
X e and so a induces C-isomorphisms 

a : (3^)^ ^ (3^)i, a, : ^ 

satisfying the conditions aFk(x) = Fk(akx), x 6 (£*', k - 1,2,3. 

Applying a on T';t(x)oT'^(^) = (x,y){Ek+\+Ek+ 2 ), that is, aFkix)oaFk(y) = (x, ^)(£'*+i-h 
Ek+ 2 ), on the other hand we have 

aFk(x) o aFk(y) = Fk(akx) o Fkiauy) = (akX,aky)(Ek+\ + Ek+ 2 )- 

Hence we have (a^x, Oky) - (x, y), x,y e (£*', that is, ak 6 (9(8, C), k - 1,2,3. 

Moreover, applying a on T'i(x) o F 2 {y) - (l/2)T'3(x^, we have {aix){a 2 y) - a^Cx^. 
Indeed, apply a on the left-hand side; 

a(Fi(x) o F 2 (y)) = a^iCx) o aF 2 {y) = T’i(aix) o F 2 {a 2 y) = ^F 3 ((aix)(a 2 y)), 

on the other hand, apply a on the right-hand side: q;(( 1/2)T'3 (x^) = ( 1/2)T'3 (q' 3 (x^). 
Hence we have F3((aix){a2y)) - F^ia^Cx^), that is, iaix)(a 2 y) = a^ix^. 

Thus since ai,Q'2,Q'3 6 <9(8,C) satisfy the condition (aix){a 2 y) - a^ix^, we see that 
Q;i,a2,ff3 e 5(9(8, C) (see M Theotem 1.14.4]), and moreover from aFi(ei) - F\{ei) we 
have (Tie, = e,-, i - 2,... ,1. Hence since we can confirm that ori induces C-isomorphism 
of c (£*', there exists 0 e U(l,C^) such that aix = 0x0, x e £*'. For this 0, by 
the Principal triality we can set q; 2X = 0x, a^x - x0,x e . The proof of surjection is 
completed. Finally, it is easy to obtain that Ksrp = {1). 

Therefore we have the required isomorphism 

(F4‘')£,2 3,f,(2,...,7) = t/(l,C‘'). 

□ 


From Proposition 122 ] and Theorem l 3 . 3 l we have the following proposition. 
Proposition 3 . 4 . The group {F/f)E^2^.Fi(Q,...,5) A isomorphic U(l,Cf): {Fi,^)E^22,F-,(G,...,i) - 

In particular, the group {Fis,^)E^22,Fi(0,...,5) is connected. 
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We consider a group 


(F 4 ^)ei^ 2 . 3 ,Fi( 0 ,...A) - Icr 6 F 4 ^ 


aEj — Ei, i - 1 , 2 ,3, 

aF]_(ek) = Fi{ek),k^ 0 , 1 , 2 , 3,4 


and we shall construct Spm{3, C) in ^ 4 ''. 

Lemma 3.5. The Lie algebra (f 4*')£,2 3 ,F,( 0 ,..., 4 ) of the group {F 4 ^)E^ 22 ,Fl{ 0 ,■.■^) given by 


(f 4 ^)£i 


1 , 2 , 3 ,Fi( 0 ,..., 4 ) 



6Ei = 0,1 = 1,2,3, 
dFi(e^) = 0,/t = 0,1,2,3,4 


= {5 = ds(,G$(, + diiGsi + deiG(n \ du e C). 

In particular, dimc((f4‘')£i,2j,Fi(0,...,4)) = 3 . 

Proof. By doing simple computation, this lemma is proved easily (As for G,y, see im 
Section 1 . 3 ]). □ 

We dehne a 3 -dimensional C-vector subspace (V^)^ of S*' by 

EioX = Q,(E2 ,X) = (E3 ,X)^Q, t 
(Fi(e^),X) = 0,/t = 0,1,2,3,4 j 

= {X — Fi(t) \ t — t^es + fgee + tjej, 4 6 C) 

with the norm (X,X) = 2(f5^ + t^ + t-j^). Obviously, the group (f4‘')£,23 ,Fi( 0,...,4) acts on 

(yC) 3 . 

Proposition 3 . 6 . The homogeneous space (^’ 4 *')£, 23 ,Fi( 0 ,..., 4 )/G( 1 , C*") is homeomorphic to 
the complex sphere (F4 ^)ei2,,Fi(0,...,4)/U(1,C^) ^ 

In particular, the group (^’4‘')£, 23,Fi(0,...,4) A connected. 

Proof. We define a 2 -dimensional complex sphere {S by 
( 5 *^)^ = {Xe(y‘^) 3 |(X,X) = 2) 

= {X — F\(t)\t — t^es + fgee + tjej, t^^ + + tq^ — 1,4 6 C). 

Then the group (T'4‘')£[23 ,Fi(o,..., 4) acts on obviously. We shall show that this action 

is transitive. In order to prove this, it is sufficient to show that any element Fi{t) 6 ( 5 *')^ 
can be transformed to ^1(65) 6 ( 5 *')^. 

Now, for a given X - F\{t) e ( 5 *')^, we choose sq e R,0 < sq < Ji such that taniQ = 
Re(f 6 )/Re(f 5 ) (if Re(f 5 ) = 0, let io = ^IX). 

Operate gseisf) := exp(soG56) e ((T’4‘^)£j33_fj(o,...,4))o on X = Fft) (Lemma[ 331 ), then we 
have that 


(yC)3 = 1^6 3^ 


056(so)2f = gS(,(SQ)Fft) 

= T’i(((cos SQ)ts + (sin so)tf)es + ((cos io)f 6 - (sin SQ)tf)ee + pei) 

= T’i(((cos SQ)ts + (sin so)tf)es + i((cos io)Im(f 6 ) - (sin io)Im(f5))e6 -1- Pe^) 

= T’i( 4 '*e 5 + ireee + pej) 

where (cos so)ts + (sin so)t(, 6 C, rg := (cos io)Im(fg) - (sin io)Im(f5) 6 R. 

Moreover, we choose ii e R,0 < si < n such that tan ii = Re(f 7 )/Re( 4^4 (if Re(4*4 = 0, 
let ii = njl). Operate 057 ( 51 ) := exp(iiG 57 ) 6 (T' 4 ^)£, 23 ,Fi( 0 ,..., 4 ) onX' (Lemma [331 l. then 
we have that 

057 ( 51 )^^^’ = 057(si)T’i((4^^e5 + irgeg-I-f7e7) 

= T'i(((cos 5 i) 4 ^^ + (sin 5 i)t 7 )e 5 4 - irgeg 4 - ((cos ii)f7 - (sin 51 ) 4 * 4 ^ 7 ) 

= Fi(((cos si) 4 ^'+ (sin Si)f 7 )e 5 4 - irgeg 4 - i((cos si)Im(f7) - (sin si)Im( 4 *^))e 7 ) 
= T'i( 4 ^^e 5 4 - /rggg 4 - irqei) X^^\ 
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where (cos + (sin ii)f7 e C,rj (cos ii)Im(f7) - (sin ii)Im(f^^') 6 R. 

Additionally, we choose S2 ^ R ,0 < S2 < Jr such that tans2 = ^7/^6 (if ^6 = 0 , let S2 - 
7r/2). Operate g6i(s2) := exp(s2G67) e (^’4‘')£,23 ,Fi( 0,...,4) on (Lemma [TST l. then we 
have that 

067(i2A® = g'67(i2)fi(f®e5 +/reee + *> 767 ) 

= Fiitf'^es + /((cos S2)r6 + (sin S2)ri)ee + /((cos S2)r2 - (sin S2)r(,)ei) 

= Fi(ff es + 

where := (cos ^2)^6 + (sin *2)^7 G R- 

Here, note that it follows from = F^itfa + /r^'^es) e ( 5*^)2 {{iff + {irff = 1 ), 
that is, {tff = 1 + ( 4 *^) 2 , tf e C, 4 ^’ e R that we have tf e /? - { 0 ) and -1 < 4 ^’ jtf < 1 . 
So, we can choose & R such that tan(/i3) = / 4 ^V 4^^(6 iR)- Indeed, because of tan(/i3) = 
-/ (1 - 2/(e~^^3 + 1)) (_i < j _ 2/(e~2®3 + 1) < 1), together with -1 < 4^V/® < 1. we can 
choose i3 6 R. As in the hrst case above, operate gseiis^) on then we have that 

0 ' 56 (/s 3 A® = g 56 (is 3 )Fi(tfe 5 + irl^^ee) 

- Fi((cOS(/i 3 )f® + sin(/i 3 )(/ 4 ' 4 )e 5 + (C 0 s(/i 3 )(/ 4*4 - sin(/i 3 ) 4 ^V 6 ) 

= Fi((cos(/s3)f® + sin(/s3)(/4*4)e5) 

= ^’i(ffe 5 ), 

where := cos(/s3)f® + sin(/s3)(/4*4 s C. 

Hence, from Fi(/^^es) e (S^)^ we have that = 1 or = - 1 . In the latter case, 
again operate gsi{n) on Fi(-e5), then we have that g^2{n)F\{—es) - F\{es). 

This shows the transitivity of action to ( 5 *')^ by the group (T'4‘')£[23,f[(o,...,4)- The isotropy 
subgroup of the group (T'4‘^)£j2,3,fi(0,...,4) at ^1(65) is (T'4 ‘^)£i,2.3,Fi( 0,...,5) = (Propo- 

sition l 3 . 4 l i. Thus we have the required homeomorphism 

(^ 4 %, 2 , 3 ,A( 0 ,..., 4 )/t/(l,C^) - ( 5 ^)^ 

Therefore we see that the group (T'4^)£, 23 ,Fi( 0,...,4) is connected. □ 

Theorem 3 . 7 . Thegroup(F4^)Ei2^j,Fi(0,...,4) is isomorphic to Spin{'i,C): (T' 4 ‘')£i 23 ,Fi( 0 ,..., 4 ) - 
Spin( 3 , C). 

Proof. Let ( 9 ( 3 , C) = 0 {{V^f) - {f & Isoc((L‘')^) | (J3X,/3Y) - {X, Y)}. We consider the 
restriction /3 - a of a e (T'4‘')£, 23 ,Fi( 0,...,4) to then we have p 6 ( 9 ( 3 , C). Hence 
we can dehne a homomorphism p : (T'4‘')£, 23,Fi(0,...,4) ^ 0 ( 3 , C) = 0 ((V'^)^) by 

P(O') ~ l(V ^)3 ■ 

Since the mapping p is continuous and the group (T'4‘')£[2 3 ,Fi( 0,...,4) is connected (Propo- 
sition l 3 . 6 T) . the mapping p induces a homomorphism p : (F4 ^)ei22,Fi(0,...A) —> 5 ( 9 ( 3 , C) = 
5 ( 9 ((L‘')^). It is not difficult to obtain that Kerp = {1,0") = Z2. Indeed, Let a e Kerp. 
Then, since a e (T'4^)£,23,Fi(0,...,4) c (T'4‘')£j23 - Spin(%,C), we can set a = (ai,a2,u'3) 
(Theorem l 3 . 1 l) . Moreover, from aFfei) = Ffep, i = 0 ,... ,4 and a |(yc)3= I3 we have 
aix - X for all x e (£*', that is, ai = 1 . Hence we have that 

a = (l,l,l) or a = (l,-l,-l) = cr, 

that is, Ker p c { 1 , cr) and vice versa. Thus we obtain Ker p = {1,0"). From Lemma [ 33 ] 
we have that 

dimc((f4^)£i,2,3.fi(0,...,4)) = 3 = dimc(so( 3 , C)), 
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and in addition to this, SO(3, C) is connected and Ker p is discrete. Hence p is surjection. 
Thus we have the isomorphism 

(T'4*')£i,2,3,Fi(0,...,4)/Z2 = 5(9(3, C). 

Therefore the group (T' 4 ‘')£, 23 ,Fi( 0 ,..., 4 ) is isomorphic to Spin(3, C) as the universal cov¬ 
ering group of 5(9(3, C), that is, (T’ 4 ‘')£i 2 , 3 ,r'i( 0 ,..., 4 ) - Spin{3, C). □ 


Continuously, we shall construct Spin(4, C) in F 4 ^. 
We consider a group (T' 4 ‘^)£i. 2 , 3 ,f’i( 0 ,..., 3 ): 


(■P’4 )£i.2,3,Fi( 0,...,3) - j O' 6 P’ 4 ' 




aEi — Ei, i — 1 , 2 ,3, 
aFiick) - Fi(ek),k = 0,1,2,3 


Lemma 3.8. The Lie algebra (f 4 ‘')£, 23 ,£i( 0 ,..., 3 ) of the group is given by 

(f4^k,2.3.fi(0,....3) = {5 e f4^ 1 5Ei = 0, / = 1,2,3, 6Ffek} = 0, ^ = 0,1,2,3) 

= {5 = dnsG/is -H d4(,G46 -H d4jG47 4- t/seGse - 1 - dsiGsi + dfnGfn \ dki e C). 
In particular, dimc((f4‘')£, 23,£i(0,...,3)) = 6. 

Proof By doing simple computation, this lemma is proved easily(As for Gij, see IfTTl 
Section 1.3]). □ 


We define a 4-dimensional C-vector subspace of 3*^ by 


(yC)4 


{9f e3^ 


£ioX = 0,(£2,9f) = (£3,9f) = 0, 
(P’i(ei),X) = 0,/fc = 0,1,2,3 


— {X — Fl(f) I t — + ^7^7? ^ 


with the norm (X,X) - 4 - 4 - F^). Obviously, the group (P’ 4 ‘')£, 23 ,f,(o,..., 3 ) acts 

on (y‘^)4. 


Proposition 3.9. The homogeneous space (P' 4 '')£:,23,£i(0,...,3)/5pin(3, C) is homeomorphic 
to the complex sphere (5'')^: (P’4*')£,23,£i(0,...,3)/5pin(3, C) ^ (5'')^. 

In particular, the group (P' 4*')£,2 3 ,Fi( 0 ,..., 3 ) is connected. 

Proof We define a 3-dimensional complex sphere (5'')^ by 

(5*^)^ = {X e {V‘^f \(X,X) ^ 2} 

— {X — P’l(0 I t — t4e4 4- t$es 4- t6^6 4" tjej, t^ 4 - t^ 4 - t(^ 4- = 1, € C] 

Then the group (P' 4 ‘')£[ 23 ,£i(o,..., 3 ) acts on (5*')^, obviously. We shall show that this action 
is transitive. In order to prove this, it is sufficient to show that any element P’i(f) 6 (5*')^ 
can be transformed to 9 ^ 1 ( 64 ) 6 (5*')^. 

Now, for a given X - Fft) e (5*')^, we choose sq g /?,0 < sq < tt such that 
tanio = -Re(f 4 )/Re(f 5 ) (if Re(f 5 ) = 0, let sq = Tijl). Operate 045 ( 50 ) := exp(ioG 45 ) 6 
((P’ 4 '')£i 23 ,£i( 0 ,..., 3 ))o on X = P’i(f) (Lemma lTSl l. then we have that 

045(so)9f = 045(so)P’i(O 

= P '1 (((cos so)f 4 + (sin so)f 5 )e 4 4 - ((cos so)f 5 - (sin 50 ) 14)^5 4 - fgeg + Eei) 

- P '1 (/((cos so)Im(f 4 ) 4 - (sinso)Im(f 5 ))e 4 4 - ((cos so)f 5 - (sin 50 ) 4)65 4 - fgeg + Fef) 

- P'i(/r4 *£4 4 - t*''e5 4 - fgeg + Eei) 

where (cos 5o)Im(f4)4- (sin 5o)Im(f5) e R, (cos 5o)f5 - (sin 5o)f4 e C. 
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Moreover, we choose s\ e R ,0 < si < n such that tan^^i = -Re(f5)/Re(f6) (if Re(f6) = 0, 
let Si = Till). Operate 056(si) exp(siG56) e ((f4‘^)£i,2j,F,(0,...,3))o on (Lemma[3jl), 
then we have that 

056(si)V'^ = g'34(si)fi(!r^^^e4 + + feee + fve?) 

= Fi(ir\^'’e4 + ((cos s^fs + (sin Si)f 6 )e 5 + ((cos sjfe - (sin Si)f5)e6 + hej) 

= Fi(ir^^^e 4 + /((cos si)Im(f 5 ) + (sin si)Im(f 6 ))e 5 + ((cos si)f6 - (sin Si)f5)e6 

= f i(/r*'^e4 + irf^es + 4'^e6 + Fei) =: +Fei) 

where (cos si)Im(f5) + (sin si)Im(f6) 6 R, fg ^ := (cos si)f6 - (sin si)f5 6 C. 
Additionally, we choose S2 e /?, 0 < S2 < tt such that tans2 = -(r4^V(?‘5^^) 
let S2 = 7r/2). Again, operate 0'45('S2) = exp(s2G45) e ((^’4‘^)£i,2.3,fi(0,...,3))o onX®, then we 
have that 


0'45(i2A® = g'45('S2)^’l(i>4 ^^4 + + fg^^S + FCi) 

= f i(/((cos S 2 )rf'* + (sin S 2 )r^^^)e 4 + /((cos S 2 ) 4 '’ - (sin S2)r*'V5 + 4*^^6 

= Fi(/((cos S 2 ) 4 '^ - (sin S2)4^V5 + 4'^^6 + ^ 767 ) 

= Fiitf^es + 4'’e6 + 77 ^ 7 ) =: X' e (5^)1 

where 4^^ /((cos S2)4*^ - (sin S2)4^4 s C. 

Since Spin{3,C){= {F 4 '^)ei, 24 ,Fi( 0 ,..., 4 ) ^ (■F4‘^)£i,2j,f’i(0,...,3)) acts transitively on (5*^)^ 
(Pror)osition l3.6b . there exists a 6 Spin{3, C) such that 

aX' = Fy{es),X' 6 {S^f. 

Again operate g4s{jil2) 6 3 ) on F\{es), then we have that 

0'45(^)^’i(e5) = fi(e4)- 

This shows the transitivity of action to (5*')^ by the group iF 4 ^)E^ 22 ,Fl^Q,..., 3 )■ The isotropy 
subgroup of the group (T' 4 ‘^)£j 23 ,f,(o,..., 3 ) at Fi(e 4 ) is (T' 4 ‘^)£i, 2 , 3 ,Fi( 0 ,..., 4 ) = Spin(3, C) (Theo¬ 
rem [TT]). Thus we have the required homeomorphism 

(T’4‘')£,,2_3,F,(0,...,3)/‘5/2in(3, C) ^ (5*')^. 

Therefore we see that the group (T’ 4 ‘')£, 23 ,Fi( 0 ,..., 3 ) is connected. □ 

Theorem 3.10. The group iF 4 ^)E^ 2 i,Fl(fi,...,^i) A isomorphic to Spin(4, C): (T' 4 ‘')£, 23 ,Fi( 0 ,..., 3 ) 
= Spin(4, C). 


Proof. Since we can prove this theorem as in Theorem l3.7l . this proof is omitted. □ 


Continuously, we shall construct Spin(5, C) in F 4 ^. 
We consider a group (T' 4 ‘^)£i, 2 , 3 .A(o,i, 2 ): 


(T'4^)£i,2j,Fi(0,i, 2) - Icr e F 4 '- 


aEi - Ej, i — 1,2,3, 
aFi(ek) = Fi{ek),k = 0,1,2 


Lemma 3.11. The Lie algebra (f4‘')£i,2.3,Fi(0,i,2) of the group (^"42.3,Fi(0,1,2) is given by 

(f4^k,2,3,F.(0,i,2) = {<J 6 f4^ I SEi = 0, / = 1,2,3, dFfek) = 0, /: = 0,1,2) 

6 - di4Gi4 - 1 - disGis -t- d2(,G-i(, + d^jG^j + <i45G45 
+d4(,G4(, + d4jG47 -H dskiGse + dsjG^j + d(nG(n 

In particular, dimc((f 4 ‘')£i, 2 j,Fi( 0 ,i, 2 )) = 10. 



dki e C>. 
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Proof. By doing simple computation, this lemma is proved easily (As for G,y, see IfTTl 
Section 1.3]). □ 


We define a 5-dimensional C-vector subspace of 3^ by 


= U6 3 


^cC 


EioX^O, (£ 2 , X) = (E3,X) = 0, 
{Fi(ek),X) = 0,k = 0,1,2 


— {X — .^^1(0 I t — + ^1^1 ■> ^ C"} 


with the norm (X,X) - 2{tf^ + - 1 - Obviously, the group (f 4 ‘')£i 23 ,Fi( 0 ,i, 2 ) 

acts on 

Proposition 3.12. The homogeneous space {F A^)Ei2i.,F\{0,\,T)l SpiniA, C) is homeomorphic 
to the complex sphere (5'')^: (^’4‘')£,23,F,(0,i,2)/‘Spin(4, C) ^ (5'')"^. 

In particular, the group (^’ 4 ^)£, 23 ,f,( 0 ,i, 2 ) is connected. 

Proof. We define a 4-dimensional complex sphere {S by 

= {Xe(V'=)‘^\(X,X)^2} 

t — ?3^3 + ?4^4 + + ^7^7? 1 

f3^ + ?4^ + \^ C / 

Then the group (T' 4 ‘')£, 23 ,Fi( 0 ,i, 2 ) acts on (S^f, obviously. We shall show that this action 
is transitive. In order to prove this, it is sufficient to show that any element Fi(t) e (5*')'^ 
can be transformed to Ffef) e {S^f. 

Now, for a given X - Fft) e (S^f, we choose io 6 /?,0 < sq < tt such that 
tan So = -Re(f 3 )/Re(f 4 ) (if Re(f 4 ) = 0, let sq = ^/2). Operate 034 ( 50 ) := exp( 5 oG 34 ) 6 
((T' 4 ‘')£j 23 ,Fi( 0 ,i, 2 ))o on X = ^" 1(0 (Lemma fS.llI) . then we have that 



giA{sQ)X = 034(io)T’i(f) 

= T'i(((cos 5o)f3 -I- (sin sf)tA)e-i + ((cos 5o)f4 - (sin 5o)f3)e4 + t^es + t^e^ + Pej) 
= T'i(!((cos 5o)Im(f3) -H (sin 5o)Im(f4))e3 + ((cos 5o)f4 - (sin so)tj)e 4 


- T'i(i>j*^e3 + + tses + feee + Fej) 


+f5^5 + t(,e(, + pe-i) 


where (cos 5o)Im(f3) + (sin 5o)Im(f4) 6 R, ^ := (cos 5o)f4 - (sin 5o)f3 e C. 
Moreover, we choose si e R,0 < si < jt such that tan si = -Re(f 4 )/Re(f 5 ) (if Re(f 5 ) = 0, 
let 5i = txI 2 ). Operate 045 (^ 1 ) exp(5iG45) e ((T’4 ‘^)£i,2.3,Fi(0,i,2))o on (Lemma[34T]l3 
then we have that 


045(ii)2f*'^ = 045(ii)T'i(i4^’e3 4-4'^e4 4-fses 4-feee + fve?) 

= Ffir^^^e^ + ((cos 5 i)f 4 4- (sin s\)tf)eA + ((cos 5 i)f 5 - (sin s\)tA)es 

+f6^6 + pen) 

- T'i(i> 3 *^e 3 4- /((cos 5i)Im(f4) 4- (sin 5i)Im(f5))e4 4- ((cos s\)t$ - (sin si)tA)es 

- Fi{ir^}^e^ + ir^}\A + + t(,ee + tie-i) X^^\ ^ ^ ^ 


where (cos 5i)Im(f4) 4- (sin 5i)Im(f5) 6 R, := (cos si)ts - (sin 5i)f4 6 C. 

Additionally, we choose 53 6 /?, 0 < 53 < tt such that tan 53 = -(^^^(r^^') (if = 0, 

let 53 = 7r/2). Again, operate 034 (^ 2 ) = exp(53G34) 6 ((T' 4 ‘^)£i, 2 . 3 ,Fi( 0 ,i, 2 ))o on X^^'^ (Lemma 
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13.11b . then we have that 

0'34(s2)^® = g34(s2)Fi(irl^^e3 + ir^^'*e4 + + t^ee + tiCi) 

= f i(iX(cos 52)4^’ + (sin i2)c4'^)e3 + i((cos S 2 )r^l^ - (sin ^2)4’V 4 + hes 

+t^e^ + +?6^6 + ^ 7 ^ 7 ) 

= f i(i((cos i 2 ) 4 ^’ - (sin i 2 ) 4 ’V 4 + hes + fe^e + Fei) 

- 64 + fses + feee + F£i) s 

where f® := i((cosi2)4*^ “ (sini 2 ) 4 ^') ^ ^■ 

Since Spm{4,C){= (f' 4 ‘^)£i, 2 . 3 ,F,( 0 ,..., 3 ) c (f 4 ‘^)£i. 2 . 3 ,F,( 0 ,..., 2 )) acts transitively on (5*^)^ 
(Pror)osition l3.9b . there exists a e Spm(4, C) such that 

aX' = Fi{e 4 ),X' e 

Again operate 034 ( 71 / 2 ) 6 (^’ 4 ‘')£[ 23 ,f,( 0 ,i, 2 ) on ^ 1 ( 64 ), then we have that 

0'34(^)(f'i(e4)) = Fiiei). 

This shows the transitivity of action to (5*')"^ by the group (T' 4 ‘')£[ 23 ,f,(o,i, 2 )- The isotropy 
sub group of the group (T' 4 ^)£, 23 , 22 ,( 0 , 1 , 2 ) at ^ 1 ( 63 ) is (T' 4 ^)£, 33 , 22 ,(o,..., 3 ) s Spin{4, C) (Theo¬ 
rem [3T0ll. Thus we have the required homeomorphism 

(T’4^)£3,2,3.f,(0.i.2)/5pin(4,C) - (5^)4. 

Therefore we see that the group (T’4‘')£, 23 ,Fi( 0 ,i, 2 ) is connected. □ 

Theorem 3.13. The group (T’ 4 ‘')£i, 2 . 3 ,Fi( 0 ,i, 2 ) isomorphic to Spin{5, C): (T’ 4 ‘')£i, 2 , 3 ,fi( 0 ,i, 2 ) 
= Spin{5, C). 

Proof. Since we can also prove this theorem as in Theorem l3.71 this proof is omitted. □ 


Now, we determine the structure of the group (T'4‘')£,,£2,£3,Fi(ej:),i:=o,i as the aim of this 
section . 


Lemma 3.14. The Lie algebra (U^)Ei,E 2 ,Ei,Fdek),k=o,i of the group (T’4‘^)£,,£2,£3.A(et),<:=o,i 
given by 

iU^)Ei,E2,E2,Ei(et),k=0,\ = {d G (4'' | dii; -0,i- 1 , 2 , 3 , 6F fek) = 0 , ^ = 0 , 1 ) 


{ 6 - ( 723^23 + d24G24 + d25G25 + d2(,G26 + d2lG21 

+d34G34 + d^sG^s + d3(,G3(, + d32G32 + d4sG43 
+d4(,G4(, + d4iG42 + ds^Gse + ds2G52 + d(nG(,i 


dki e C 


In particular, dim^((U‘^)E,,E 2 ,E 2 ,F,(ek),k= 0 ,i) = 15. 


Proof By doing simple computation, this lemma is proved easily (As for Gij, see IfTTl 
Section 1 . 3 ]). □ 


We define a 6-dimensional C-vector subspace (V*')® of 3 *^ by 


(yC)6 = |x6 3^ 


EioX^O, (E2, X) = (E3,X) = 0 , 
(Fi(ek),X) = 0 ,k = 0 ,l 


— {X — F\(t) I t - t2e2 + ^3^3 + 14^4 + tses + tf)£6 + tk s C) 

with the norm (X,X) = 2 (t 2 ^ + t3^ + t4^ + -H -H f?^). The group (T'4‘^)22,,222,2s3,F,fe),/t=o,i 
acts on (V*')®, obviously. 

Proposition 3.15. The homogeneous space {F 4 '^)E,,E 2 ,E,,Fi(et),k=o,i ISpin{5, C) is homeo- 
morphic to the complex sphere {S^f: (7^4 *')£,,£ 2 ,£'3,Fi(cj),/t=o,i/5pin(5, C) ^ 

In particular, the group (T' 4 *')£,,£ 2 ,£ 3 ,£i(ct),/t=o,i is connected. 
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Proof. We define a 5-dimensional complex sphere (S'^f by 

(5*^)^ = {Xe(V'=f\(X,X)^2} 

t — t 2 e 2 + heo, + t/[eA, + t^es + feee -i- pej, ) 

-f" -f" -r + t(f " 1 " — 1 ^ tfi S C ) 

Then the group iF 4 ^)Ei,E 2 ,E 3 ,Fi{et),k=o,i acts on {S^f, obviously. We shall show that this 

action is transitive. In order to prove this, it is sufficient to show that any element T’i(f) e 
can be transformed to ^ 1 ( 62 ) e (5*')^. 

Now, for a given X - Fft) e we choose sq e R,0 < sq < n such that 

tan So = -Re(f 2 )/Re(f 3 ) (if Re(f 3 ) = 0, let sq = Till). Operate g' 23 (so) := exp(soG 23 ) e 
(■P’ 4 ‘^)£i,£ 2 ,£ 3 ,f'ifo).<:=o,i on X = Fft) (Lemma[3T4ll, then we have that 

g23{sf)X - g 2 z{sQ)Fft) 

= Ti(((cos so)f 2 + (sin so)f 3 )e 2 + ((cos so)f 3 - (sin so)f 2 )e 3 

+ ?4^4 + ^ 7 ^ 7 ) 

= Fi(/((cos so)lm(t 2 ) + (sin so)lm(t 3 ))e 2 + ((cos ^ 0)^3 - (sin so)t 2 )e 2 

-\-t 4 e 4 + ^ 7 ^ 7 ) 

= Fi{ir 2 ^^2 + ^3 ^^3 "I" ^4^4 + ^5^5 + ^ 6^6 "I" ^ 7 ^ 7 ) 

where := (cos so)Im(f 2 ) + (sin so)Im(f 3 ) 6 R, := (cos so)f 3 - (sin so)f 2 6 C. 
Moreover, we choose si 6 /?, 0 < si < n such that tan si = -Re(f 3 )/Re(f 4 ) (if Re(f 4 ) = 0, 
let Si = Till). Operate g 34 (si) := exp(siG 34 ) e {{Fif)E^,E 2 ,E 2 ,Fi{et),k=Q,\)Q on (Lemma 
13.14b . then we have that 

034(si)xl'^ = g'34(si )T'i ( 14^^62 + 4'^^3 + Ge4 + Les + feee + fve?) 

= F\{ir^^^e 2 + ((cos si)f 3 -H (sin Si)f 4 )e 3 -H ((cos si)f 4 - (sin si)f 3 )e 4 

+ ^ 5^5 + ^ 6^6 + F^t) 

- Fi{i/^^e 2 + /((cos si)Im(f 3 ) - 1 - (sin Si)lm(f 4 ))e 3 - 1 - ((cos Si)f 4 - (sin Si)f 3 )e 4 

+f5^5 + fe^e + F^i) 

- T'i(i> 2 *^e 2 + /4*^^3 4 *^^4 Fei) X^^\ 

where 4*^ := (cos si)Im(f 3 ) + (sin si)Im(f 4 ) 6 R, 4*^ := (cos si)f 4 - (sin si)f 3 e C. 
Additionally, we choose S 2 6 /?, 0 < S 2 < tt such that tan S 2 = -(4*4/(4*4 (if 4^^ “ 

S 2 = n/2). Again, operate 023 (^ 2 ) = exp(s2G23) 6 ((T'4^)i-i,£2,£3,A(ei)4=o,i)o on X^^\ then 
we have that 

023(S2)^® = g23(s2)Fi(ir^2^e2 -I- irf^ei + 4^^e4 + Fes + Fee + Fej) 

- Gi(/((cos S 2 ) 4 ^^ + (sin S2)4^4e2 + /((cos S 2 ) 4 '^ - (sin S2)4'4e3 

+ ?4^4 + + ^6^6 "t" ^ 7 ^ 7 ) 

= Gi(/((cos S 2 ) 4 ^’ - (sin S2)4^4e3 + f4e4 + Fes + Fee + Fej) 

— F\{ir ^2 ^es + /4^^4 + tses + teee + Fef) —'.X^ 
where 4^^ (cos S 2 ) 4 *' “ (sins 2 ) 4 *' ^ -R- 

Since 5p/ w(5,C )(s (T' 4 ‘^)£, 2 . 3 ,Fi( 0 ,..., 2 )C (F4'^)E,,E2,E3,F,(ei),k=o,i) acts transitively on (5*^/ 
(Proposition B. 12b . there exists a e Spin{5, C) such that 

aX' = Flies),X' e (S'^)\ 

Again operate g 2 s{nl 2 ) 6 {{F 4 ^)E^,E 2 ,E 2 ,Fi(et),k=o,\)e on ^ 1 ( 63 ), then we have that 

0'23(2)'f’l(^3) = T'i(e2)- 


= {x = Ti(f) 
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This shows the transitivity of action to (S^)^ by the group (^"4 '')£[,£ 3,F,(ct),*:=o,i- The 
isotropy subgroup of the group (T'4‘')£,,£2,£3,F,(ej.),i:=o,i at ^1(62) is Spm{5,C) (Theorem 
13.13b . Thus we have the required homeomorphism 

{F4^)Ei,E2,E,,Fi{et),k=0,l / Spin(5, C) ^ 

Therefore we see that the group {Fji^)E^,E 2 ,E 2 ,,Fi(ek),k=o,i is connected. □ 

Theorem 3 . 16 . The group (T'4*')£,,£2,£3,Fi(ei),'t=o,i isomorphic to Spm{6, C): 
(F4^)Ei,E2,E3,Fi(et),k=0,l - Spin(6,C). 

Proof. This proof is proved by an argument similar to the proof in Theorem l3.7l however 
we write as possible in detail. Let 0(6,C) - 0((V^f) - [f & \^Oc((V^f)\(J3X,l3Y) - 
(X, T)). We consider the restriction f - a |jyc)6 of a e {Fif)Ei,E 2 ,E 2 ,Fi(ei),k=Q,i to (V*')®, then 
we have f e 0(6, C). Hence we can define a homomorphism p ; (T'4‘')£,,£2,£3,Fife),'fc=o,i ^ 
0(6, C) ^ 0((V^f) hy 

P(tF) O' l^ycje • 

Since the mapping p is continuous and the group (T'4‘')£[,£2,£3,Fi(ct),*:=o,i is connected 
(Prot)osition l3.15b . the mapping p induces a homomorphism p : (T'4‘')£,,£2,£3,£,(ci),i:=o,i ^ 
SO(6, C) - SO((V’^f). It is easy to obtain that Kerp = {1, cr) = Z2. Indeed, Let a e Ker p. 
Then, since a 6 (F4‘^)E,,E2,E,,F,(et),k=o,i c (F4‘^)e,,e2,e, = Spin(^, C) (Theorem[3lB. we can 
set a - (ai,a2,a;3). Moreover, from aFfet) - Fi(ek),k — 0,2 and a |(•yc)6= I3 we have 
aix = X for all x 6 (£*', that is, ai - 1. Hence we have that 

a = (1,1,1) or a = (1,-1,-1) = cr, 

that is, Kerp c {l,cr) and vice versa. Thus we obtain Kerp = {l,cr). From Lemma 
13.1 II we have that dimc((F'4‘')£|_£2_£3_£|(ej),i:=o,i) = 15 = dimc(so(6, C)), and in addition to 
this, since SO(6, C) is connected and Kerp is discrete, p is suijection. Thus we have the 
isomorphism 

(^*4'')£,,£2,£3,£i(ct),/t=0,l/Z2 - 5(9(6, C). 

Therefore the group (F'4‘')£,_£2_£3_£,(et),j:=o,i is isomorphic Spin(6,C) as the universal 
covering group of 5(9(6, C), that is, (F 4 ‘^)E^,E 2 .E,,Fdet),k=o,i = Spin(6, C). □ 

Here, we make a summary of the results as the low dimensional spinor groups which 
were constructed in this section. It is as follows: 

(T'4*')£,,£2,£3,£i(cj),/t=o,i - Spin(6,C) 

U 

(T'4'')£i,£2,£3,Fi(cj),(:=0,l,2 - Spin(5,C) 

U 

(T'4'')£i,£2,£3,Fi(ct),(:=0,...,3 - 5pin(4, C) 

U 

(T'4*')£,,£2,£3,£i(ct),/t=0,...,4 - Spin(3,C) 

u 

(T'4*')£i,£2,£3,Fi(ct),/t=0,...,5 - Spin(2,C) = U(l,C^). 

In the last of this section, we prove the following important lemma. 

Lemma 3 . 17 . The group (F 4 ^)E^,E 2 ,E 2 ,F^^e|,),k=o^ - Spin(6, C) is the subgroup of the group 
(F 4 ^)‘^ = {a e F 4 ^ I o-^a = acr^}: Spin(6, C) = (F4'^)EuE2,E3,F^(et),k=t)^ c (F 4 ‘^Yf 
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Proof. We consider the following complex eigenspaces of cr^ in 
= {X 6 3^ I aix = X)(c ( 3 ^)^) 

= {X^^iEi+^2E2 + ^3Ei+Fi(xi)\^keC,xieC^], 

= {X e 3"" I oiX = -X)(= {Fi(xi^)) © (3'')-o-) 

= {X = Fi(xi^) + F2 (x 2) + Fiixi)) I x/ e (C^)^ in x, e (£^), 

where ( 3 ‘')o-, ( 3 *')-cr are the complex eigenspaces of the C-linear transformation cr in 3 *'- 
Now, let a e (F4^)Ei,E2,E„Fi{et),k=o,i, and set X = Xi +X2 6 (3*^)0,- ©( 3 ‘^)_o^ = 3 *^. Then 
we have that 

cr^aX - cr^a(Xi + X2) - o^'aXi + c^'aX2 

= 0-4X1 + oi'a(Fi(xi-^) + T' 2 (x 2 ) + FsCxs)) 

= Xi + o^'aFiCxi-^) + o^'(T'2(x 2') + T'sfe')) (« e (^4‘^)£i = (^' 4 '^)°') 

= + o-4'aFi(xi-^) - (F2 (x2 ) + T'sfe')) 

= + Cr;Fi(x/) - (F2(X2') + F 3 (X 3 ')) 

= - F^Xi-^) - F2{X2) - FiiXi'), 

acr^X - acr^iXi + Xj) - a(Xi - X2) = Xi - 0X2 
^ Xi- a(Fi(xi-^) + F2 (x2 ) + Fiixi)) 

^ Xi- aFi(xi^) - (F2 (x 2) + Fiix^')) 

= -Fl(xl^)-F 2 (x 2 ')-^ 3 te')• 

Hence we see o^'a = ac^', that is, Spin(6, C) = (T'4‘^)£i,£2,£3,Fi(et),/i=o,i c (^'4'^)'^ ■ □ 

4 . The groups and 50(6,0 

The aim of this section is to show the connectedness of the group 50(6,0 ^f^gr 

determining the structure of the group (£’7'')°’“'. 

Now, we define subgroups (£’7'')°’“' and (£7‘^)°'4"®“(6"C) of £7*^ respectively by 

(£7*')°^'* - {a e Fj^ I o-'4a - acr'4}, 

(£ 7 C)<r' 4 , 50 ( 6 ,o ^ [a e (£7'^)'^“ I <I>Da = a^o for all D e so(6, C)), 

where 0 e) — (D, 0 , 0 , 0 ) e t2^,D e 50(6, C) = (f4*')£i,£2,£3,fi(ei:),'t=o,i- Hereafter, we often 
denote D above by D^. 

Lemma 4 . 1 . We have the following. 

( 1 ) The Lie algebra (67*')°’'* of the group (Ej^)‘^* is given by 

(67'^)^'^ = {0 e 67*^ 1 0-40 = 0cr'4) 

/ \ 

Di 0 +Ai(fl) 

+(Ti£i+T2£2 + T £3 + £i(fi))~ 

i 0 D 4 ) 

D2 e 50 ( 2 , C), De e so(6, C), a e C^, tu e C, 

= ■ 0 ( 0 , A, £, v) e 67*' Ti + T2 + T3 = 0 , ti e C*', 

(^1 0 O'! (771 0 O'! 

A = 0 f2 Xi , £ = 0 7/2 7/1 , 

lo xi ^3; io yi 773 j 

6 C, xi e C^, Tjk e C, 7/1 6 C^, 
veC 
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In particular, — ((1 + 15) + 2 + (2 + 2)) + (3 + 2) x 2 + 1 =33. 

(2) The Lie algebra of the group (£’ 7 ‘^)‘^'i,so( 6 ,c) given by 

50(6,0 ^ {0 e I [0^ 0^] ^ ^ 

( ^ 

D2 0 +Ai(fl) 

+(Ti£'i+T 2 £' 2 +T£ 3 +^’l(fl))~ 

i 0 0 J 

D 2 e so(2, C), fl e C^, rt e C, 

= ■ 0(0,A,B, v) G 67*' Ti+T2+T3 = 0, fl e C'', 

0 0) ^0 0 0) 

A = 0 ^2 xi , B = 0 0 i/1 , 

lo Xi ^ 3 j io ^1 0j 

fk eC,xie C^, 0 e C, i/1 e C*^, 

/n particular, dimc((e 7 ‘^)‘^''’"“<®’‘^^) = (1 + 2 + (2 + 2)) + (3 + 2) x 2 + 1 = 18. 

Proof. By doing simple computation, this lemma is proved easily. □ 

First, making some preparations, we shall determine the structure of the group {EYYL 
Hereafter, we often use the following notations in : 

X = (X, 0 , 0 , 0 ), Y = ( 0 , Y, 0 , 0 ), f = ( 0 , 0 , f, 0 ), p = ( 0 , 0 , 0 , p), 

El = ( 0 , Eu 0 , 1 ), £-1 = ( 0 , -£i, 0 , 1 ), £2+^3 = (El + El, 0 , 0 , 0 ), 

El-El = (El - El, 0,0,0), £i(e^) = (Fi(ek), 0,0,0), k = 0,..., 7. 

We define C-linear transformations K,p of by 
K(X,Y,f,ri) = (-KiX,KiY,-f,f), 

p(X,Y,f,rf) = (2£i xF + ;7£i,2£i xX + ^£i,(£i,F),(£i,X)), 

respectively, where kiX - (E\,X)E\ - 4 £i x (£1 x X),X e 3*'- The explicit forms of K,p 
are as follows: 

'f\ xi xi\ (t]i yi yf 

K(X,Y,^,y) ^ k(xi ^1 xi , yi j]i yi ,f,f) 

,X1 Xi fl) [yi yi 0, 

'-fl 0 OWi/i 0 O' 

= ( 0 ^2 Ai , 0 -0 -i/1 ,-f,T]), 

,0 Xi ^ 3 ) io -0 -0, 

'77 0 0 0 O' 

p(X,Y,f,f) = (0 0 -i/ 1,0 fl -xi ,771,^1). 

.0 -Vl Til ) lo -Xl fl , 

By doing simple computation, we can easily confirm that 7 <'cr 4 = cr 47 c, pcr'i, - 0 - 474 . 

We define a group ((Ei^f’>^)E,,Y,E 2 +E,,E 2 -E,,F,(e,),k=o,\ by 




Ka — aK, pa — ap, 

aEi = Ei,aE-i — £_i 

((El^T’^)Ei,Ei,E2+E2,E2-E2,Fi(ei),k=0,\ “ ' 

a G £7'- 

, 

a(£ 2 -i-£ 3 ) = Ei+Ei, 
a(Ei-Ei) - El-El, 
aFi(ek) ^ Fi(ek),k^0,\ 
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Proposition 4.2. The group {{Ei'^y'^)E^ E_^,E 2 +E,,E 2 ^E,,F,(et)Ma,\ isomorphic to 
Spin(6,C): ((E^^y’^)E^^E_l,E 2 +E 2 ,E 2 -E 2 ,F^(ek),k=o^ - Spin{6,C). 

Proof. Let O' 6 ((Ei^y''‘)Ei,E_i,E2+E,,E2-E,.Fi{et).k=o,i - Then from aCO, £ 1 ,0,1) = (0,£'i,0,1) 
and a{0, -Ei,0, 1) = (0, -£ 1 , 0 ,1), we have that a(0, £ 1 ,0,0) = (0, £ 1 ,0,0), a(0,0,0,1) 
= (0,0,0,1). Hence we see that a(£i,0,0,0) = (£ 1 ,0,0,0), a(0,0,1,0) = (0,0,1,0). 
Indeed, it follows that 

a(£i, 0,0,0) = ap{Q, 0,0,1) = pa( 0 ,0 ,0,1) = p( 0 ,0 ,0,1) = (£1,0,0,0), 
a(0,0,1,0) = ap( 0 , £1,0,0) = pa( 0 , £1,0,0) = p( 0 , £1,0,0) = (0,0,1,0). 

Thus from ai = i and al = 1 , we see a 6 £5*', moreover from a£, = £,, i = 1 , 2 , 3 , that 

is, aE - £, we see a e £4*'. Note that suppose a e £4*', a satishes Ka = aK, ap = pa, 
automatically. Hence we have a e (£4‘')£,,£2,£3,fi(ei:),'t=o,i> ^nd vice versa. Thus we have 

((£’7*',£,+£3 ,E2-E2 ,Fi (et),k=0, 1 = (F4 ^)ei ,£2 ,£3 ,£l (ek),k=0,\ ■ 

Therefore, from Theorem l3.16l we have the required isomorphism 

((£’?*' )'^’^)£[,£_[,£2+£3,£2-£3,£i(et),/l=0,l “ Spm(6,C). 

□ 


First we shall construct one more Spm{3, C) in £ 4 *'. 

Here, we define a group (£ 4 ‘^)£i,£i(e 2 ),i= 2....,7 by 

(£4^)£i,£i(et),i:=2,...,7 = {O' 6 £ 4 ^ | aEi = £i,a£i(et) = Fi(ek),k = 2,... ,7), 
moreover define a 3-dimensional C-vector subspace of 3*^ by 

(VSf = {Xe3‘^|£ioX = 0,tr(X) = 0,(£i(e,t),X) = 0,/t = 2,...,7) 


feC,xea 


with the norm (X, X) - + xx). Obviously, the group {F 4 ')E^,Fpet),k=i,...,i acts on 

Lemma 4.3. The Lie algebra (U'^)Ei,Fpet),k= 2 ,...j of the group (F 4 ^)E^,Fpet).k= 2 ,...,i is given 


tf® 

0 0 

0 


lo 

X 


by 


(U^)Ei,Fi(et),k=2,...J - ■{(^ef4 


(5£i = 0, 

5£i(ei) = 0,/t = 2,...,7 


= (5 = 


D 2 


0 


0 


0 


+ Ai{a) 


D2 ^ 5o(2, C), CZ € C 


In particular, dimc((f 4 ‘')£i,£i(et),i:= 2 ,..., 7 ) = 3. 

Proof By doing simple computation, this lemma is proved easily. □ 

Proposition 4.4. The homogeneous space (F 4 '~)E^,Fi(ep,k= 2 ,...jIU(1, C‘^) is homeomorphic 
to the complex sphere (S yf". {F 4 ‘^)Ei,Ei(et),k= 2 ,...,i IU{\,C^) ^ {S -y. 

In particular, the group {F 4 ^')Ei,Fi{et),k= 2 ,...,i is connected. 

Proof. We define a 2-dimensional complex sphere {SSy by 

/c C22 


{X6 

(V. 

^f\{X,X)^2} 

tf® 

0 

O' 


0 

f 

X 

f ^ - 1 - XX 

lo 

X 

-d 
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Then the group acts on {S obviously. We shall show that this action 

is transitive. In order to prove this, it is sufficient to show that any element X e {S -Y can 

be transformed to £2 - £3 6 Here, we prepare some element of (£4*'.,7 ■ 

For a e C'~ such that aa + 0, we define a C-linear transformation aid) of 3*^, a(a)X(^, x) 
Y{t], y), by 


'll 

2 2 
ft + ft ft - ft 


m 


m = 


y\ = xi 


2 2 

(ft - ft)a . 


T , (a,xi) . 

cos 2 v H-sin 2 v 

V 

T (a,xi) . 

COS 2y -sin 2v, 


2 y 


. ^ 2 (a,xi)a . 9 
sin 2v-T-sin v 


xsa . 

1/2 = X 2 cos V -sin y 

y 

, , ^ . 

^3 = X 3 cos \a\ H-sin y, 

y 


where y e C, y^ = aa. 

Then we see a(a) = expA(fl) 6 ((£ 4 ‘')£i,Fi(ej),i:= 2 ,..., 7 )o (Lemma|43]). 

[0 0 0 \ 

e (SS)^. We choose a e such that (a,x) - 0 and 


Now, let X - 


0 ^ X 

vO X -f. 


aa - {njAy. Operate a{a) e ((£ 4 ^)£,,F,(cj),i:= 2 ,..., 7 )o onX, then we have that 


a(a)X - 


^0 0 
0 0 
0 A 


0^ 

.r' 

0 


=: X', x'x' — 1. 


Moreover, using this x' above, operate a(n/4x') on X', then we have 

a(^A')y =£2-£3. 

This shows the transitivity of this action to by the group (F 4 ‘^)E,^F,{et),k= 2 ,...j■ The 

isotropy subgroup of (£ 4 ^)£,,Fi(et),A:= 2,...,7 at £2 - £3 is the group (£ 4 ^)£,,£ 2 -£ 3 ,F,(£t),A:= 2,...,7 = 
{F4-)Ei,E2+E2,E2-Ei,Fi{et),k=2,...,l = {F4-)E^,E2,E2,F^(et),k=2,...,^ - U{\,C^) (TheOrem |3.3l l. 

Thus we have the required homeomorphism 

(T4%,F.feU=2....,7/t/(l,C^) - (55)2. 


Therefore we see that the group (F 4 -')E^,Fi{ei),k= 2 ,...,i is connected. 


□ 


Theorem 4.5. The group {F 4 '')Ei,Fi{et),k= 2 ,...,i is isomorphic to Spin(3, C): 
(F4^)E,,F,(et),k=2,...J - Spin(3,C). 


Proof. Let 6>(3, C) = (9((y5)2) - {fie Isoc((V5)2) | (J3X,I3Y) - {X, Y)}. We consider the 
restriction fi - a of a e {FA^)Ei,Fi(et).k= 2 ,...j to (V5)2, then we have p e (9(3, C). 
Hence we can define a homomorphism p : {Fly)E^,F^(e^),k= 2 ,...,^ 0{3, C) = (9((y5)2) by 

p{a) = a • 

Since the mapping p is continuous and the group (£ 4 ‘')£,,Fi(ct),i:= 2,...,7 is connected, the 
mapping p induces a homomorphism p : (£ 4 ‘')£[,F[(ej),i:= 2,...,7 —> 5(9(3, C) = SO((VSy) by 

P(a) = Q'|(yC)3. 

It is not difficult to obtain that Kerp = (Lcr) s Z 2 . Indeed, let a e Kerp = {a e 
(F4‘^)E,,F,(et),k=2,...,7lp(o:) = 1), that is, a e {a e (£ 4 ‘')£i,Fi(et),(r= 2,...,7 I a'|(^,C )3 = 1). It 
follows from a'£i = Ei,aE - E that a(E 2 + £ 3 ) = £2 + £ 3 , moreover since o'ljycp = 1, 
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we also see a{E 2 - £ 3 ) — E 2 - £ 3 . Hence, since we have aEi - Ei,aE 2 - £ 2 , a '£3 = £ 3 , 
we see a 6 (£ 4 ‘')£,,£ 2,£3 - Spin(S,C), and so set a = {ai,a 2 ,a 2 ),ak e 5(9(8, C). Thus 
again from aF\{ek) - F\(ek),k= 2 ,...,i and a\(y_cy = 1, we have a\ - 1. Hence from the 
Principal of triality on 5(9(8, C), we see a = (1,1,1) = 1 or a = (1, -1, -1) = cr, that is, 
Ker p c {1, cr) and vice versa. Thus we see Ker p - {1, cr). Finally, we shall show that p is 
surjection. Since 5(9(3, C) is connected, Kerp is discrete and dimc((f 4 *')£,,F,(ct),/fc= 2 ,..., 7 ) = 
3 = dimc(so(3, C)) (Lemma [4.3l) . p is surjection. Thus we have that 

(£4*')£i,Fi(ct),*:=2,...,7/Z2 = 5(9(3, C). 

Therefore the group {F 4 ^)E^,F^(ek),k= 2 ,...,^ is isomorphic to Spin{3,C) as the universal 
covering group of 5(9(3, C), that is, {F4'^)Ej,Fj(et),k=2,...j - Spin(3, C). □ 


Next, we shall construct one more Spin(4, C) in E(,^, and so we define subgroups 
((E(,^)°')Ei,iiE6^V)Ei,Fi{et),k=2,...J of E(,^ by 

{{Es^Y)e^ — {a e E(,^\cra - aa-,aE\ - E{\(= Spin{\Q,C)), 
{(.E^^)°')Ei,Fi(et),k=2,...,i = {cr e {{E(,^)°')ei I aFi{ek) - £i(ej:), ^ = 2,..., 7), 

respectively, where as for {{E(,^Y)E^ =Spm(lQ, C), see |[8l Proposition 3.6.4] in detail, and 
the C-linear transformation cr defined in Section 2 induces the involutive automorphism & 
of EY, moreover define a 4-dimensional C-vector subspace {V-)^ of S*' by 


(y 5)4 ^ {Xe 3^ 14£i X (£i xX)^X, £i(e^) x X = 0, /t = 2,..., 7) 


(0 

0 

O' 

{0 

f 2 

Xl 

lo 

Xl 

ft. 


6 C,xi 6 c 


with the norm(-£i,9f,9f) = -^ 2 ^ 2 +X]_x\_. The group ((£ 6 ‘^)°')£,,F,(ei),/t= 2,...,7 acts on(yi^)'^, 
obviously. 


Lemma 4.6. The Lie algebra {(.tY)°')E^,F^(et),k= 2 ,...j of the group {(.E(fY)E^,F^(et),k= 2 ,...,i is 
given by 


{{^6^Y)Ei,Fi(ei),k=2,...J 


[<P e 66*^ 


o-f — fcr, 

(pEi ^Q,fFfek)^0,k^2,...,l 


Di 

0 

0 

0 



"i-Ai(cz) E )2 g so(2, £), 1 

-i-(t£2 - t£ 3 H-£i(f))~ a,teC^,TeC J' 


In particular, dm\c{{{t 6 ^Y)Ei,Fi(et),k= 2 ,...,i) - 6. 


Proof By doing simple computation, this lemma is proved easily. 


Proposition 4.7. The homogeneous space ((Ef'Y)Ei,Fi(et),k= 2 ,..., 7 ISpin(3, C) is homeomor- 


phic to the complex sphere {S Xf: {{EYY)EuFi(et),k= 2 ,...,i I Spin{3, C) ^ {S Xy. 
In particular, the group {{EYY)Ei,Fi(et),k= 2 ,...,i is connected. 

Proof. We define a 3-dimensional complex sphere (52')^ by 

( 55)3 ^ {Xe(VXf\{-EuX,X)^\} 


= 1 


0 0 0 

0 ^2 Xi 

0 Ti ^3, 


—^ 2^3 + G C,Xi 6 CX C (£‘'|. 


The group {{EYY)EuFi{et),k= 2 ,...j acts on (52^)3. Indeed, for a e ((EYY)Ei,FM,k= 2....,7 c 
((E(,^Y)ei, it follows from ||8] Lemma 3.6.2] that 'cr^' 6 {{E(XY)Ei,Fi(et),k= 2 ,...,i■ Hence, 
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forX 6 (SS)^ we have that 

4Ei X (£1 X aX) = 4V'£'i x (aEi x aX) = 4'a^'£'i x ‘a^\Ei x X) 
= a(4£i X (£1 X X)) 

= aX, 

■P’i(eir) X aX - aFi(et) x aX - 'a^^(Fi(ek) x X) 

= 0 , 


thatis,aX 6 Moreover, it is clear that (-£i,q'X,q'X) = 1 . Thus we see aX 6 

We shall prove that this action is transitive. In order to prove this, it is sufficient to show 
that any element X e (SS)^ can be transformed to i{E2 + £3) e (SS)^. Then we prepare 
some elements of ((£6‘^)°')£,,Fi(ct),«:=2,...,7- 

For t & <z such that tl + 0 , we define a C-linear transformation / 3 i(f) of 3 *', 
l 3 \{t)X{^,x) = Y{r],y), by 


m = 

^2-6 , ^2 + ^3 

m = —:— + 


cosh V - 


(t, X\) 


sinh V 


2 2 V , 

^2-^ , ^2+ft 1 , , {t,X\) . 

rjj, -- 1 -;;— cosh v H-sinh v. 


J/l = Al + 


2 2 

. 


2 (f, xi)f . 


2v 


sinh V H—sinh^ - 


M2 = X2 cosh — I -sinh - 

2 _y_ 2 

.V fA2 . . V 

i/3 = X3 cosh — I -sinh -, 

2 V 2 


where v € C,v^ - 11, moreover define a C-linear transformation 023(0) of 3 *^ by 



'^1 

X3 

X 2 ' 


f 

e‘^!^X3 

e-'=I^X2 

0^23 (c) 

X3 

& 

Xl 


e‘^^^X3 

e'^ft 

Xl 


.3t2 

Xl 

ft. 


fi-^'^X2 

Xl 

e~"ft j 


where c e C. Then since we can express >61 (f) = exp£i(f)~ and a 23 (c) = expc (£2 - £ 3 )' 
for £i(f)~,c (£2 - £ 3 )' 6 ((^6‘^)‘^)Ei.Fi(et),k=2,...j (LemmaEffiJ, we see that / 3 i(t), 023(0) e 

(((E6^)°')EuFi{ei),k=2,...j)Q- 

ro 0 Of 

6 (S^f. Operate some oo e (((£6‘^)‘^)£,,F,ta),fc2,...,7)o on X, 


Now, let X = 


0 ^2 xi 

vO xi ^3 


and so X can be transformed to 


0 0 0 

0 f x[ 

0 x'l 


6 ( 5 -) 3 , that is. 


oqX = 


0 0 0 

0 ^ x'j 

vO x\ -I 


6 (SFf. 


Indeed, we have the following. 

Case (i) where xixi + 0 . 

We choose some to - i(7r/2)(eixi/(xixi)'^^) e C*'. Then since it is easy to verify that 


Xl 


^23 


Xl 


2 - ^ 1 - 3^1 

■' = <2)^ <2)^ = -(7) 


2 VaiXi 


/—=-2 

\IX\X\ 


^ 2 '' xixi ^77 


7 r '(2 

2 ^ 






































22 


TOSHIKAZU MIYASHITA 


operate ao := y 8 i(fo) on X, and so we easily see that the 772 -part and the 773 -part of agX 
are (^2 - ^ 3)/2 and -(^2 - ^ 3 )/ 2 , respectively. Hence we can confirm the form of aoX as 
above. 


Case (ii) where xixi - 0. 

From the condition of (SS)^, we have ^ 2 ^ = 1- Then set ^2 = r 2,62 6 

Operate a23{-f'2-i02) on X, and so we easily see that the 772 -part and the 773 -part of a 23 (-^ 2 - 
i 62 )X are equal to 1 , that is, 


a23(“^2 - id2)X - 


0 0 0 ^ 

0 1 xi 

,0 xi 1 


X, 


Moreover, operate a23{inl2) on Xi, then we have that 


Q'23 



^0 0 0 

0 i xi 

0 xi -ij 


C^2 


6(5T) 


Hence this case is reduced to Case (i). 

Since 572777 ( 3 , C)(s (FA^)E^,Fi(et),k= 2 ,...,i c ((£' 6 ‘^D£i,fitau= 2 ,..., 7 ) acts transitively on 
(5-*')^ (Prot)osition l4.4l) . there exists a 6 Spin(3, C) such that 


aX - E 2 - £’3. 


Again, operate a 23 {inl 2 ) on £2 - £3, then we have that 

a' 23 (*2)(^2 - £3) = *(£2 + £3)- 

This shows the transitivity of this action to (SS)^ by the group ((£6*')‘^)£i,Fi(ct),7:=2,...,7- 
The isotropy subgroup of the group ((£6*')‘^)£i,Fi(et),i:=2,...,7 at i(E2 + £3) is Spin{3,C) = 
(£4‘^)£i,Fi(ct),it=2,...,7 = {{Ee^Y)EuE2+Ej.,Fi(ei),k=2,...,i (TheoremgjS] Section 2 ). Thus we have 
the required homeomorphism 

iiEYr)E„F,(e,),k=i,...,ilSpin( 3 ,C) - ( 55)1 

Therefore we see that the group (iE(YY)Ei,Fi{et),k=i,...,i is connected. □ 

Theorem 4.8. The group ((EY'Y)Ei,Fi{et),k= 2 ,...j E isomorphic to Spin{4, C): 
iiEYY)Ei,Fi(et).k= 2 ,...j - Spin(4,C). 

Proof. Let 0 ( 4,0 = 0((VSf) = {/? e Isoc((V 5)51 (£i,/ 3 X,;eT) = (£i,X,T)). We 
consider the restriction f - a |^^cj4 of a 6 ({E(YY)Ei,Fi(et),k=2,...j to {VYf, then we 
have jS e 0 ( 4 , C). Hence we can dehne a homomorphism 72 ; ((E(fY)Ei,Fi(et),k=2,...j 
0 ( 4 , C) = OiiVSf) by 

p{a) — a |jyCj4 • 

Since the mapping 72 is continuous and the group ((E(fY)Ei,Fi{et),k=2,...j is connected 
(Proposition 14.71) . the mapping p induces a homomorphism p : {{E(fY)Ei,Fi{et),k=2,...j —> 
50(4, C) = SOiiVYY). It is not difficult to obtain that Ker72 = {l,cr) s Z2. Indeed, Let 
a e Ker p. For £2 -1- £3, £2 - £3 e (VYf, since a(£2 -1- £3) = £2 -t- £3 and a(£2 - £3) = 
£2 - £3, that is, aE2 = E2,aE3 = £3, we have that a e {{EYY)Ei,E2,E,,Fi{et),k=2,...j = 
{FY)Ej,E 2 ,E 2 ,Fj(ei,),k= 2 ,...j - U(1,C^) (Theorem 13.3b . Hence there exists 0 e 0(1,C*') 
such that a - (pi 0 ), where f is dehned in Theorem 3.3, then it follows from a'£i(l) = 
£i(l), £i(l) 6 {VSf that we have ( 0 )^ - 1, that is, 0 - I or 0 - -1. Thus we have that 


a — 4 >(l) - I or a - c/>(-l) — cr, 

that is, Kerp c { 1 , 0 ") and vice versa. Hence we obtain that Kerp = (Lcr). Finally, 
we shall show that p is surjection. Since 50(4, C) is connected, Ker p is discrete and 
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dimc(((e6^)^)£i,Fi(eo,'t=2,...,7) = 6 = dimr(5o(4, C))(Lemma l4.6t , p is surjection. Thus we 
have that 

((E6^r)EM),k=2,...,llZ2 = SO{4,C). 

Therefore the group ((£’6'')‘^)£,,F,(ei),i:=2,...,7 is isomorphic to Spm{4, C) as the universal 
double covering group of 5(9(4, C), that is, ((£’6‘')‘^)£i,Fi(et)4=2,...,7 - Spin{4, C). □ 

We define a group ((Ei^y’‘')E,XuF,(et),k= 2 ,...j by 


((£’7'')'^’^)£,,£_,/,{ej),A:=2,...,7 “ ' 

ae£7^ 

Ka - aK, pa - ap, ) 

a£i = £i,a£_i = Al 



aF\{ek) = Fi{ek),k^2,...,l ] 


Then we have the following proposition. 

Proposition 4.9. The group g ^ equal to the group 

{{E(YY)EuFi(et),k= 2 ,..j'-{{E 2 ^y'^^)p^ p^ p^^^^) f,^ 2 ,...,l - iiE(YT)Ei,Fi{et),k= 2 ,...,l = Spin{4,C)- 

Proof. Let a 6 ({E7^Y’^)E,,E_,,F,(e^),k=2,.. 7 . From aEi - E\ and aE^i - £_i, we have 
al = 1, and so as in the proof of Proposition 14.21 we have a\ - Thus we see a 6 
(£’ 7 *')! [ = E(f. Moreover, since we can confirm aEi - Ei from the condition above , 
we have a e {E(f)Ei, and from Ka - qk, together with -cr = exp(;7r/A-), we have (-cr)a - 
Q'(-cr), that is, era - acr. Thus we have a e ((EY)°')E,,F,(eO,k= 2 ,..., 7 - 

Conversely, let jS e {(E(f'Y)Ei,Fi(et),k= 2 ,...,i- It is clear that jS£i = E\ and/lAi = £_i. 
For C-lineartransformation £1 of^*': k\X - (E\,X)E\-4EiX{E\XX),'Nt have/criyS = Pk\. 
Indeed, note that suppose pE\ - Ei, we have 'P^^E\ - E\ (see || 8 ] Lemma 3.6.2]). 

KiPX = (EuPX)Ei - 4£i X (£1 X PX) 

= ('p-^Ei,pEx)pE, -4'p-^Ei X qSE, xfX) 

= ('y8'/3^'£i,£i)/3£i -4'/3^‘£i x'fT^Ei xX) 

- {.E,,PX)PE, - 4P(E, X (£1 xpX)) 

= /3((£i,X)£i-4£iX(£ixX)) 

= Pf,X, 

that is, K\P - Pki. Similarly, we can show k\P^^ - Hence we have that 

Kp{X,Y,f,Tf) = K{J3Xfp-\f,ri) 

= {-KiPX,Kfp-^Y,-f,ri) 

= {-pKiX,Y-^K,Y,-^,rj) 

= p{-KiX,K,Y,-f,r]) 

= PK(X,Y^,r]), 

that is, Kf — Pk. Additionally, we can show that pP - Pp. Indeed, for {X, Y,f, 77) 6 we 
do simple computation as follows; 

pP{X,Y,f,p) = p{pX,'p-^Y,f,p) 

- 0{O,EuEuO)(pX,‘pr^Y,f,p) 

= {2Eix‘P^^Y + T]Eu2EixpX + fEuiEifP^^Y,(EuPX)) 

= ( 2 'j 0 ^'£i xY^^Y+pPEu2PEi xpX+f‘p-^Ei,{pEu‘P^^Y),(p-^EuPX)) 
= (2^(£i X Y) + ppEi,2'p-\E,xX)+f'p^'Eu{p-^pEi,Y),(p-^p-^E,,X)) 
= {p(2ExxY + pE,),'p-\2E,xX + fEi),{Ei,Y)PEx,X)) 
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= PilEi xY + rjEu2ExXX + ^Ei,{Ei,Y),{Ei,X)) 

= l3<E{Q,Ex,Ex,Q){X,Y,^,r^) 

= MX,Y,^,Jl), 

that is, - Pfi. Hence we have p e ^ ^ F-i(et)k=2 i- This proof is completed. 


Continuously, we shall construct one more Spin(5, C) in £7 
We define a group ((£7‘^)''’^)£,,F,(«i).-i=2.....7 by 


i Ka = aK,fia = afi, j 

aeEj^ aEi =£1, [, 

aPiiet) ^ Fi{ek),k^2,...,l j 

moreover define a 5-dimensional C-vector subspace of by 

(yC )5 ^ L ^E = F,Fx £1=0, I 

^ 1 ^ FxEi(e,) = 0,k^2,...,7 j 

= {(X, -;7 £i,0, 77) 14£i x (£1 x X) = x Fi(ejc) = 0,/t = 2,...,7, 77 e C) 

. fO 0 Of f-Tj 0 Of ^ 

= ( 0 ^2 XI , 0 0 0,0,77) xeC^,^2,^3,rjeci 


^[0 XI ^3j [0 0 OJ I ^ 

with the norm (F, £)^ = (1 /2){yu£, F) = —^2^3 +xixi- 77^, here the alternative inner product 
{£, Qj is defined as follows: {£, Qj - (X, W) - (Z, Y) + ^co - (rj for F - (X, Y, tf), Q - 
(Z, W, f, w). The group {{E2^fnE,,FMM2,...j acts on (V-*')^, obviously. 

Lemma 4.10. The Lie algebra {{'ii^y’^)EuFM,k= 2 ,...j of the group {{E 2 ^y'^)E,,Fx(et),k= 2 ,...,i 
is given by 

f I 7C0 = 0K,p<P = 0p, f 


((^py’^h,A(e.).k=2....j = B, V) e 67" 0 Ei = 0 , 


= f 0{4>,A,B,O) e 67 


I 0 Ffek)^O,k^ 2 ,...,l j 

f e 

4 >Ei = fFiiet) = 0, 
c A = S 2 E 2 + S 3 E 3 + £i(fl), 

Bke C,ae , 

B - -2E\ X A 

= -S3E2-S2E3 +Fi(a) 


In particular, dimc(((e7‘^y’^)E,,Fi(et),k=2,...,i) = 6 -H (1 H- 1 -H 2) = 10. 

Froof. Suppose k0 - 0k for 0 e 67 '', from -cr = txpiniK) we see that {-cr)0 - 0(-cr), 
that is, cr0 - 0cr. Hence, we have f G ■ Moreover, from p0 - 0p, the condition 

0Ei = 0 is equivalent to the condition 0(£i,0,1,0) = 0. Using these facts, by doing 
simple computation, we have the required result. □ 

Lemma 4.11. For Q a e C, we define a mapping afa) : ip*' —> ip*', / = 1,2,3 fiy 


afa) - 


1 + (cos \a\ - l)pi 

, sin|fl| 

2a——Ei 
\a\ 


sin|fl| 

—ra - 1; 

\a\ 


-2x0———£,' 0 

\a\ 

1 -H (cos \a\ - l)pi -Ta^^|^£i 

• I I 

sin \a\ 

a———Ei cos|a| 

fl 


sin|fl| 4 
a——£,• 

fl 
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then we have aiia) 6 £7 C £’7*', where pi : ^ 3 *^ is the C-linear mapping defined by 



5 i 

X 3 

X 2 



dexi 

dalf 

Pi 

X3 

ft 

X\ 


dax-i 

ft 

diixi 


A2 

Xi 

ft. 


fii 2 X 2 

dull 

ft . 


where 6 ij is the Kronecker delta symble. The mappings afiai), a2(a2), Q'Cas), (fl; 6 C) are 
commutative for each other. 


Proof. For d>i(a) - 0 ( 0 , a£,, -Ta£,, 0 ) e 67, it follows from a, (a) = exp 0,(a) that afa) e 
£7 c £7^. The relation formula [ 0 ;(a,), = 0 shows that a,(a,) and afaf) are 

commutative (As for the Lie algebra 67 of the compact Lie group £7, see IfTTl Theorem 
4 . 3 . 4 ] in detail). □ 


Proposition 4.12. The homogeneous space ((£7‘')'^’^)£,/,{(,j),«:=2,...,7/‘^£*”(4, C) is homeo- 
morphic to the complex sphere {SSfi: ((£7‘')'^’^)£,_f',{ej)_<:=2,...,7/‘^£*”(4, C) ^ ( 5 -*')"^. 

In particular, the group ((£7'')^’^)£|,f,(cj),a:=2,...,7 connected. 


Proof. We define a 4 -dimensional complex sphere (^i")^ by 


(55)" = {£e(F5)^|(£,£)^ = l) 


( 

0 

0 

0 


0 

0 

1 


( 

0 ft xi 

, 

0 0 0 

,0,77) 

1 

,0 xi ft^ 


0 

0 

0 





The group acts on ( 55 )". Indeed, fora 6 ((,E2^y’^)E,,F,(et),k=2,...,i 

and P 6 ( 55 )", from the following relational formulas; 


KaP — gkP - aP, 


aP X El - aP X a£i = a(P x Eifa ' = 0 , 


aP X Ffek) - aPx aFi(ek) - a(P x Ffetyfa ^ - 0 , 

{aPaP)f, = ^{paP,aP] = ^{apP,aP] = ^{pP,P] = 1 , 

we have aP e (5 ff. We shall show that this action is transitive. In order to prove this, it is 
sufficient to show that any element P e ( 55 )"^ can be transformed to £_i = ( 0 , -£i, 0 , 1 ). 
Now, for a given 



0 

0 

0 


-77 0 O' 

£ = ( 

0 ft A 

, 

0 0 0 


,0 T ft. 


0 

0 

0 


we choose a e R ,0 < a < njl such that tan 2 a - 2 Re( 77 )/Re (^2 + ^3) (if Re(^2 + ft) = 0 , 
let a = 7r/4). Operate a23(a) := a2(a)a3(a) = exp( 0 (O, a(£2 -1- £3),-a(£2 + £3),0)) 6 
(((£7 ‘')''’'^)£j 7r,(ej),j:=2,...,7)o on P (LemmaslAl^ lT.l It . then the part (l/ 2 )Re(ft-i-ft) sin 2 a- 
Re(?7) cos 2 a of 77-term in a23(a)P is equal to 0 , that is. 


(l/ 2 )Re(ft -F ft) sin 2 a - Re(77)cos2a = 0 . 


Again we choose b e R ,0 < b < 7r/2 such that tan 2 b — 2Im(77)/Im(ft + ft) (if Im(ft + 

ft) = 0 , let b = 7r/4), then 77-term of a22(b)a23,ia)P is equal to 0 . 

Hence we have that 

a 23 {b)a 23 (a)P =: P' e ( 5 _^)l 

Since 5p/7i(4, C)(= ((E(fiY)E^,Fi(et),k=2,...,i c ((£7‘^)''’ft£i/ifo),F=2,...,7) acts transitively 
on ( 55 )^, there exists f 6 5p/77(4, C) such that 

; 0 £'= ( 7-(£2 + £ 3 ), 0 , 0 , 0 )=; £". 
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Again, operate ani-nlA) on P", then we have that 

= (0,-/£i,0,0(= iE-x). 

This shows the transitivity of this action to (S 5)^^ by the group i- The 

isotropy subgroup of the group v iE-i is Spm{4, C) (Theorem l4.81 

Proposition l4.9b . Thus we have the required homeomorphism 

((£7^r’0£..f,feu=2,...,7/5p/n(4,C) - (55)^ 

Therefore we see that the group ((£’ 7 *'j .^2 7 is connected. □ 

Theorem 4.13. The group Fi(et) k =2 1 isomorphic to Spm{5, C): 

(iE7^r’nE,A(e.)M2,...J = Spin(5,C). 

Proof. Let (9(5, C) = (9((y_‘')^) = {y6 6 Isoc((V-‘')^) | {aP, aP)f^ - {P, P)fi}. We consider the 
restriction^ = a |^y c ,5 of a e ((E 2 ‘^y’^)Ei,Fi(et).k= 2 ,...j to then we have^S 6 (9(5, C). 

Hence we can define a homomoi-phism p : Fi(et)k =2 7 <^(5, C) - (9((yi')^) 

by 

p{a) = a ■ 

Since the mapping p is continuous and the group {{Ej^y’^)^^ 7 connected 

(Proposition ^. 12b . the mapping p induces a homomorphism 

p : m^r’np^MeAk= 2 ,...,i ^ 50(5,0 = S0((v^f). 

It is not difficult to obtain that Kerp = {l,cr) = Z 2 . Indeed, let a e Kerp. For E^\- 
(0,-£ 1 ,0,1) 6 (y*')^, since aOi = Oi, together with a£i = £ 1 , we have that a£i - E\ 
and al = 1. Hence we have that a e ((Ej^y'^)^^ \Fi(et)k =2 7 S {{Ee^Y)E^,Fi{ei),k=2,...,l- 
Moreover, for £2+£3,£2-£3 e (y-*')^, since q'(£2+£3) = E 2 +E 2 anda(£2-£3) = E 2 -E 2 , 
we have that Q'6((£6t')°')£j_£j,£3,7'j(ej)_i=2,...,7 = {FA^)EuE 2 ,E,,Fi(et),k= 2 ,...,i - U{l,C^). Hence 
there exists 6 e £(!,£*') such that a - (p(6), where f is defined in Theorem [331 and so 
since a£i(l) = £i(l),£i(l) 6 (T-*')^, we have (0)^ = 1, that is, 6 - 1 or0 = -1. Thus we 
have that 

a = 0(l)=l or a - 4>{-l) - cr, 

that is, Kerp c {l,cr) and vice versa. Hence we obtain that Kerp = {l,cr). Finally, 
we shall show that p is surjection. Since 5(9(5, C) is connected, Kerp is discrete and 
dimc(((e7‘')'''^)£[,Fi(et),*:=2,...,7) = 10 = dimr(so(5. Cll(Lemma l4~T0b . p is surjection. Thus 
we have that 

((£7^r’'^)£./.(.,).,=2.....7/Z2 = 50(5,0- 

Therefore the group ((E 2 ^y^)E^^FiM.k= 2 ... 7 is isomorphic to Spin{5, C) as the universal 
double covering group of 50(5, C), that is, ((£’ 7 ‘')'^’^)£,/,(ct),i:= 2....,7 - Spin{5, C). □ 


Continuously, we shall construct one more Spin{ 6 , C) in £7*'. 
We define a group iiEj^y'^)F,^e,),k=2,...j by 


({Ej^r’nF 


i(et),k=2,...J 


cr 6 £7^ 


Ka = aK.fia = afi, 

aFi(ek) = £i(ei:),^ = 2,.. .,7 


moreover, define a 6-dimensional C-vector subspace of'P*' by 


(V5f 



kP = £, 

£x£i(e<t) = 0,/fc = 2,...,7 


- ( 


0 

0 

0 


0 

0 


0 f2 Xi 

, 

0 0 0 

o' 

fl Xl 6. 


0 

0 

0 



■*1 e 0 ,^ 2 , 6 ,//i ,?7 e C 


with the norm (£, P)^ - (l/ 2 ){p£, P] = -^2^2 -1- xiXi + rjxrj. 
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Lemma 4.14. The Lie algebra of the group ((£' 7 ^)''’'')Fifa),*= 2,...,7 '■s 

given by 






0 {(p,A,B,v) e ej 


K0 - 0K,p0 = fpp, 

0Fi{ek) - Q,k - 2,... ,1 


/ 

D2 

3 

0 

+Ai (fl) 

+ (t\E\ +T2£’2+t£’3 

0 

V 

0 , 

+£i(fi)r 


0 {(p,A,B,v) 6 


D 2 £ 50(2, Cf a € C^, Tk € C, 

Ti + T2 + T3 = 0 , 

A — S2E2 + ^ 2^2 + F\{,af Sk € C ',a € 


B — V2E2 + V2E2 + F\{b), Vk & C,b e , 


V = -( 3 / 2 )ti 


In particular, dimc(((e7^y't^)Ei,Fi(et),k=2,...,7) = (1 + 2 + (2 + 2)) + 4 + 4 = 15. 
Proof. From 0 Section 4.6], we see that the explicit form of is given by 

{t2^y’t‘ = {0(0,A,B,v) 6 t2^\K<l> = <l>K,p(F = 0jt/) 



f e (es^r, 

A = S2E2 + e^E^ + £i(a). 

fp((f>,A,B,v) e 67^ 

B = V2E2 + V2E2 + Fi{b), 
Ek, Vk & C,a,b E Cf", 


v=-( 3 / 2 )( 0 £i,£i) 


Since the result of direct computation of <t>Fi(ek) is as follows: 

0{c/>,A,B,v)FAek) = (fFfek) - ^Ffek),2Ax Fi{ek),0,(B,Fi(ek))), 
for 0Fi (ek) = 0 we have that 

' <f>Ffek)-^Fdek)^0---{l) 

^ 2AxFi(e,) = 0 ---(2 ) 

, (B,Ffek)) 

From the conditions (2) and (3), it is easy to verify that x,y e C‘~. As for the condition (1), 
by doing direct computation, we obtain that 

fFfek) - ^Ffek) 

^ (6+ f)Ffek) - ^Ffek) (6 e f4^, T e (3^),, tr(r) = 0) 

= SFfek) + fFi(ek) - ^Fx{ek) 

= {D+Afai))Fx{ek) + fFi(ek)-^-Ffek) (D 6 so(8, C),ai 6 (£^) 

= Fi(_Dek)+ (,ai,ek){.E2 - £3)+ (^T2F\(_ek) + ^jT^Fiiek) + {ti,ek)(E2 + £3)) - ^Ffek) 

1 V 

= {(ax,ek) + {ti,ek)}E2 + {(ai,et) - (fi,eA:))£3 +£i(£ei: + -{T2 + T2)ek - -ek), 
where T = tiE\ + T 2 E 2 + t^E^ + £ 1 ( 6 ), Tk 6 C, fi e tsf, 
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Hence, from the condition (1), we see that 

[ {ai,ek) + {ti,ek) = {a\,ek) - {t\,ek) = 0 - ■ - (4) 

< 1 V 

I Dck - -Tie<. - -ej. = 0 ■ ■ ■ (5) (ti + T 2 + T 3 = 0 ), 

moreover, for the condition (5), together with v = (-3/2)ti, we have Det - 0,k — 2,... ,1. 
Thus we have D e so(2,C) c 50 ( 8 ,C). From the condition (4), we have a\,t\ e . 
Therefore we have the required the explicit form of the Lie algebra ((^ 7 ^y’^)F,(et)k =2 ?■ 

□ 


Lemma 4.15. For v e C, we define a mapping yS(v) : by 




e''x2 

e'^2 


'e ^''r]\ 

e^''m 

e~''y2' 

P(v){X,Y,^,i]) = ( 

e''x2 

ft 

X\ 



m 

yi 


,e''x2 

X\ 

ft . 


. e^'’m 

y\ 

m . 


Then we have fiiv) e (((£' 7 ‘^)''’'')F,(ct),,t= 2 ,..., 7 )o- 

Proof. From Lemma 14.141 for v e C we see that 0((2/3)v(2£’i - (£2 + F 3 ))~, 0,0,-2v) 
e Hence we have that 

Piv) = exp(0((2/3)y(2£i - (£2 + £ 3 ))', 0,0,-2v)) e (((£ 7 '')''’Of,(. 04 = 2 ,..., 7 ) 0 - 


Proposition 4.16. The homogeneous space ^.^2 ilSpin{5, C) is homeomor- 

phic to the complex sphere {S-fi: ((£ 7 *')'^’^)/',((,j),j:= 2 ,..., 7 /‘^£*”( 5 > Q ^ (52')^. 

In particular, the group {iE-i^y’^')Fi(et) k =2 7 connected. 


Proof. We define a 5-dimensional complex sphere (S-f by 


(55)5 ^ {£6(F5)5|(£,£)^= 1) 


'0 0 
(0 £2 

,0 Xi 


O' 

xi 

6 . 


(m 

0 

[0 


0 

0 

0 


O' 

0 

oj 


,0,T]) 


-^26 -i-AiXi +T]iri^ 1 


As in the proof of Proposition |4T2l it is easy to verify that the group ((£ 7 *')*’^)/-|(ej),i(:= 2,...,7 
acts on (55)5, shall show that this action is transitive. In order to prove this, it 

is sufficient to show that any P 6 (55)5 g^jj |^g transformed to £1 e (55)5. 

Now, for a given 



0 

0 

0 


0 

0 

£ = ( 

0 ft A 

, 

0 0 0 


5 A ft. 


0 

0 

0 


first we shall show that there exists a 6 {{E 7 ^y’^)F,(ei,),k= 2 ,...j such that aP e (55)"^. 

Case (i) where 771 +0,1] + 0. 

We choose v e C such that -e~^''ri\ - e^''?], and operate P(v) ofLemma l4.15l on P, then 
we have P(v)P 6 (55)"^. 

Case (ii) where rp - 0,1] + 0,^2 ^ 0. 

Operate a - exp 0(0, £ 3 ,0,0) 6 i{{E 2 ^y’^)Fpet),k= 2 ,...,i)Q on P (Lemma |4. 14b . then we 
have that 

aP = (fiEi + (fii + rpE-i + Fi(x),f2E\,0, i]). 

Hence this case is reduced to Case (i). 

Case (iii) where i]\ - 0,i] + 0,^2 + 0. 
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As in Case (ii), operate a — exp 0(0, £ 2 ,0,0) 6 (((£^ 7 *')^’^)f,(cj )*:=2 7)0 on P (Lemma 
14.14b . then we have that 

aP = ((ft + 77)£'2 +ft£3 + £i(A),ft£'i,0, rj). 

Hence this case is also reduced to Case (i). 

Case (iv) where 771 = ^2 = ft = 0, 4 0. 

For some t e R, operate a - exp 0(0, f£i(A), 0,0) e (((£ 7 ^)''’^)f,(cj),j 1 := 2 ,..., 7 )o on £ = 
(Fi(x), 0,0, 7]) (Lemma [4.14b . then we have that 

aP - ((1 + trj)F\{x), -(2t + friXx, x)Ei,0, rj) ((x, x) - 1) 

= ((1 + f 77 )£i(x),-( 2 f + f^ 77 )£'i, 0 , 77 ). 

Hence this case is also reduced to Case (i) for some t e R. 

Case (v) where 771 0 ,77 = 0, ft 4 0. 

Operate a - exp 0(0,0, £ 2 ,0) e on P (Lemma |4.14b . then we 

have that 

aP = (^ 2£2 + ft£3 +£i(x),77i£i,0,ft). 

Hence this case is also reduced to Case (i). 

Case (vi) where 771 4 0,77 = 0 , ft 4 ^ 0. 

As in Case (v), operate a - exp 0(0,0, £ 3 ,0) e on P (Lemma 

14.14b . then we have that 

aP = (ft £2 + ft£3 +£i(x),77i£i,0,ft). 

Hence this case is also reduced to Case (i). 

Case (vii) where 771 4 0 ,77 = 0, ft = ft = 0. 

For some t 6 /?, operate a - exp0(0,0, f£i(x),0) 6 {{{Ei^y’‘^)F^(e^)^k= 2 ,...,i)o on £ = 
(£i(x), 77 i£i, 0,0) (Lemma [4.14b . then we have that 

aP - ((1 - f77i)£i(x), 77 i£i, 0, (2f - f^77i(x,x))) ((x,x) = 1) 

= ((1 - f77i)£i(x),77i£i,0,(2f- f^77i)). 

Hence this case is also reduced to Case (i) for some t e R. 

Case (viii) where 771 = 77 = 0. 

Then we see that £ 6 (5ft)^ c (^i")"^. 

Since 5/7777 (5, C)(= ((£ 7 ‘^)''’'^)£,,i, 4 ,(,j),j:= 2.....7 c: ((£ 7 ‘^)'^’^)F,(,j),i:= 2 ..... 7 ) acts transitively 
on (Proposition ^. 12b . there exists [5 e Spin{5, C) such that 

/?(«£) = (0, -7£i, 0, /)(= 7£_i), 

Again, operate fSi-injA) of Lemma l4.15l on PiaP), then we have that 
/?(-7 ^)(;S(u£)) = (0,£i,0,1)(=£i). 

This shows the transitivity of this action to (5ft)^ by the group {{Ei^y'^)F^[ei),k= 2 ,...,i- The 
isotropy subgroup of the group ((£ 7 ‘')'^’^) 4 |(ej), 7 r= 2,..,7 at £1 is Spin(5, C) (Theorem l4.13b . 
Thus we have the required homeomorphism 

((£7''r’ftf, = 2 ... .,7/V«(5,C) - (5ft)^ 

Therefore we see that the group ((£ 7 *'j .^2 7 is connected. □ 

Theorem 4.17. The group ((£ 7 *')'^’^) Fi(et) k =2 7 isomorphic to Spin(6, C): 
((E^^y’nF,ieA>c= 2 ,...j = Spin(6,C). 
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Proof. Let (9(6,C) = 0{{V-)^) = (yS 6 \^Oc{{V-)^)\{aP,aP)n - {P,P)ifi. We consider 
the restriction f C )6 of cr 6 to (VS)^, then we have f 6 (9(6, C). 

Hence we can define a homomorphism p : ((£?*')'^’^)F,(ej)i =2 7 <5(6, C) = OiiV-f') 

by 

p(a) = a 1 ^^, C )6 • 

Since the mapping p is continuous and the group ((£ 7 *')*’t')/-|*= 2,...,7 connected (Propo- 
sition l4.16l l. the mapping p induces a homomorphism 

p : ^ SO(6,C) = SO{{V5f). 

It is not difficult to obtain that Kerp = {l,cr) = Z 2 . Indeed, let a e Kerp. For 
El - ( 0 ,£ 1 , 0 , 1),£-1 = ( 0 ,-£i, 0 , 1 ) e (WF)®, since a£i = £1 and a£_i = £_i, we 
have that aE\ - E\ and al = 1. Hence we have that a 6 i - 

((£6‘^D£i,Fito),j:=2,...,7- Moreover, for £2+£3,£2-£3 e (VSf, since a(E 2 +E 2 ) = E 2 +E 2 

and a(E 2 -E 3 ) = E 2 -E 2 , we have that a e {{Ee^T)Ei,E 2 ,ET.,Fi(ei\k=x...j = {FA^)EuE 2 ,E 2 ,Fi(ei), 
]c= 2 ,...j - Hence there exists 6 e 1/(1, C*') such that a - where f is defined 

in Theorem l3.31 and so since a£i(l) = £i(l),£i(l) e (Vi")®, we have (0)^ - 1, that is, 
0=lor0 = -l. Thus since we see 


a — (p(l) = 1 or a — cf>(—l) — cr, 

we have that Kerp c {1, cr) and vice versa. Hence we obtain that Kerp = {1, cr). Finally, 
we shall show that p is surjection. Since 5(9(6, C) is connected, Ker p is discrete and 
dimc(((e7C)''’OFK.O,^=2... 7 ) = 15 = dimc(so( 6 , ClKLemma H.lTb . p is surjection. Thus we 
have that 

((£7^r’'^)F,(,,),,.2,...,7/Z2 =50(6,0. 

Therefore the group ((£ 7 ‘')*’^)F,(ej )<:=2 7 isomorphic to Spin(6,C) as the universal 
double covering group of 5(9(6, C), that is, ((£ 7 ‘')'^’^)F,(ej),/i= 2,..,7 - Spin(6, C). □ 


Here, as in previous section, we make a summary of the results as the low dimensional 
spinor groups which were constructed in this section. 

((£7'^f’OF.ta)/=2....,7= V«( 6 ,C) 
u 

((£7'^r’%.F,(,,),,=2,...,7 = 5p/n(5,C) 

U 

{{E(,^)°')Ei,Fi(et),k=2,...,l = 5p/n(4, C) 
u 

(£ 4 *')£i,Fi(ei),/t= 2,...,7 - Spin(3,C) 

U 

(£ 4 *')£i,£ 2 ,£ 3 £i(ct) 4 = 2,...,7 - Spm(2,C) = U(l,C^) 


Together with the results of previous section, we have had two sequences as for the low 
dimensional spinor groups. 

After this, by using two Spin{6, C), we determine the structure of the groups ((£ 7 *^ , 

{Ej^Yi, and so we shall prove the connectedness of the group 

First, we determine the structure of the group ((£ 7 *')^’^)'^. 


Lemma 4.18. The Lie algebra ((£ 7 *')^’^)'^ of the group ((£ 7‘'/’^)°4 is given by 


((e7^r)< 


<l>((p,A,B,v) e ej 


K(P - (pK,p0 - 0p 
o^' 0 = 00^' 
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4) = 



\ 

D 2 

0 

0 

De , 


+A \ (a) 

+(TiEi+T2E2+TE3+Fi(ti))' 


0{(f>, A,B,v)e 67^' D 2 e so(2, C),D(,e 5o(6 , C), a eC^,neC, 

Ti + T2 + T3 = 0, fi e C^, 

A = S2E2 + S3E3 + Fi{ci)^ S]c ^ G ^ 

B - U 2 E 2 + V 3 E 3 + Fi{b), Vk & C,b e C*', 
y = -(3/2 )ti 

In particular, dim^(((e7^)''’'')<) = ((1 + 15) + 2 + (2 + 2)) + (2 + 2) x 2 = 30. 


Proof. By doing simple computation, we can obtain the result above. □ 

Proposition 4.19. The group ((£’7‘')*’^)°4 is isomorphic to the group (Spin( 6 , C)x 
Spin{ 6 ,C))IZ 2 ,Z 2 = {(l,l),(o-,o-)): s {Spin( 6 ,C)xSpin{ 6 ,C))IZ 2 . 


Proof. Let5pin(6,C) = (F^^)E^^E 2 ,Ei,Fl{et),k=o^- ((Ei^y'^)Ei,E_i,E 2 +Ei,E 2 -Ei,Fi{et),k=a,i (The¬ 
orem [3A6l Proposition 14.21) and one more Spin( 6 ,C) = ((£7‘')'^’^)Fi(eo,/fc=2,...,7 (Theorem 
14.17b . Then we define a mapping <pK,fi,a^ ■ Spin( 6 , C) x Spin( 6 , C) —> {{Ej^f’^Yi by 

- PxPi- 

First, we have to prove that the mapping ^pK,^l,c^' is well-defined. It follows from Lemma 
[inland Proposition|42]that5pm(6,C) - {FYY„E 2 ,E 2 ,FAeMi c {FYY^ c , 

and since Spin( 6 ,C) = {{Ej^y’YFitet)k =2 1 {{Eq^f’^Y are connected, in order to 

prove 5pin(6, C) = (,{E 2 ^YYF,(et),k= 2 ,...,i c it is sufficient to show that the Lie 

algebra spin(6, C) = (YYyYFi(et),k= 2 ,...j i® the subalgebra of the Lie algebra ((e 2 ^y’'^Y■ 
However, from Lemmas 14.14114.181 it is clear. Hence the mapping ipK,f 2 ,c 4 is well-defined. 

Next, we shall show that the mapping is a homomorphism. Since Spin{ 6 ,C) = 

iFY)E,,E 2 ,E 2 ,F,(e„),k=o,i and Spin{ 6 ,C) = ({EYyYFi(et),k= 2 ,...j are connected, in order to 
prove that the mapping is a homomorphism, it is sufficient to show that 0i commutes 

with 02 , that is, [ 0 i, 02 \ - 0 for 0 y 6 spin(6,C) = ifY)EuE 2 ,E 2 ,Pi(et),k=a,i and 02 e 
sptn(6, C) = (YYyYFj(et) k =2 1 - However, it is also clear from Lemmas l3.14l 14.141 

We determine the Ker ipK.ji.cr' ■ From the definition of kernel, we have that 


Ker(,o,,_/,_o.' = {(j 8 i,/ 32) e Spinifi, C) x Spinifi, C) \ ipK,tt,o-fPiY 2 ) = 1) 

= \Y 1 Y 2 ) e Spin( 6 ,C)x Spin( 6 ,C)\fi /52 - 1) 

= {(fi,f 2 ) ^ Spin( 6 ,C)x Spin( 6 ,C)\f I - 

Then, from the condition fi - >62 \ we see P\F\{ek) - P 2 ^^F\{ek} - Ffet), k - 2,... ,1, 
thatis, j0iFi(ei) = Fx(ek). Moreover, since 6 Spin( 6 ,C) = {FY)Et,E 2 ,E,,Fi{et),k=o,u we 
see that PiFfx) - F\(x) for all x € (£^. Here, from J3i 6 {FY)euE 2 ,E 2 - Spin( 8 , C),/3i can 
be expressed by y6i = (bi,b2.<53) 6 5(9(8, such that ((5iA)((52i/) = S 3 (x^,x,y e K*', and 
so we have that Six — x for all x e (Y. Hence we have di = 1, and so we see that 


;8i =(1,1,1)= 1 or /3i =(l,-l,-l) = cr. 

Hence it follows from the condition fli - /I2 * that yS2 = 1 ory62 = cr, that is, Ker(^^_^_o-^ c 
{(1,1), (cr, cr)) and vice versa. Thus we obtain that Ker- {(1,1), (o", cr)) = Z2. 
Finally, we shall show that is surjection. Since Ker is discrete, the group 

{{Eq^f'^^Y^ is connected because of (£7*')^’^ = Spin{\2,C) (see ||9] Proposition 4.6.10]) 
and dim^(((e7‘')^’^)°'4) = 30 = dim^(50(6, C)©50(6, C)) (Lemma r4.18b . is surjection. 
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Therefore we have the required isomorphism 

= (Spin(6, C) X Spin(6, C))/Z 2 . 


□ 


We determine the structure of the group as one of aims of this section. 

Lemma 4.20. The group iE-i^y* contains a subgroup 

>jf(SL{2, 0) = {iA(A) 6 £ 7 ^ IA 6 SL{2, C)] 


which is isomorphic to the special linear group SL(2, C) = {A e M{2, C) \ detA = 1). Here, 
for A 6 SL(2, C), a mapping fiA) : ‘ip*' —> ‘p*' is defined by 




X3 

'xf 


'm 

J /3 

V2 



YY 

xf 

xf' 


m' 

yY 

Vi'' 

<A(A)( 

X2 

^2 

Xi 


y-i 
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yi 

y) = 
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xf 

ft' 

Xi' 


ys' 

m' 

yi 


,X2 

Ti 

6. 
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Vi 




,X2 

X\ 

ft'J 


m' 

yi 



where 



Proof. The action of 0{(/){v), aE\,bE\,v) 6 ( 67 *')'^^ (Lemma|4Tj (0(v) = (2/3)v(2£’ 1 -(£ 2 + 
Ef))~, a,b,v e C) on P*' is as follows; 

0{cp(v),aEubEuv){X,Y,^,rf) (X', 


where 






/xi'\/tv ra \/ xi \ 
U17 [xb -Tvj\yij' 


m' 

m’ 


V fl 

b -vj \r]i 

V a\(T]i 

b -vj U 2 



Therefore, for A = exp 


6 SL(2, C) (I 


e sl(2, C)), we have that 


exp(c?>((^(v),a£i,Z 7 £i, v)) = fi(A) e ij/(SL(2,C)) c {Ej^Y*. 


□ 

Theorem 4.21. We have that (EYY^ - (SL(2,C) x Spin( 6 ,C) x Spin( 6 ,C))IZ 4 ,Z 4 - 
{(£, 1, l),(£,cr,cr),(-£,o^',-o^'),(-£,o- 04 ',-cro^')). 

Proof Let SL{2, C) = {A e M(2, C) | detA = 1) and two Spin( 6 , C) as in Proposition |4T9] 
Then we define a mapping ; SL{2, C) x Spin{ 6 , C) x Spin( 6 , C) —> (EYY* by 

From Lemma l4.20l and Proposition l4.191 it is clear that the mapping ^ is well-defined. 
It is easy to verify that is a homomorphism. Indeed, note that jSi ,;32 6 Spin{\2, C) 

- {EYY’^. From fH Theorem4.6.13], we see that f{A) commutes withy 6 i,y 82 , respectively. 
Moreover, as in Proposition l4.19l fix commutes withy 62 - Hence since tf/{A),fi\,P 2 commute 
each other, ip^_^c is a homomorphism. We shall show that is surjection. For 
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a e (£’ 7 *')'^ c , there exist A e SL{2, C) and p 6 Spin(12, C) such that a - 

(see ||9] Theorem 4.6.13]). Moreover, from the condition cr^a - ao^, we have that 

A = A f A = -A 

crlPcrY^^P \ criPcrY^ ^-o-P- 

Then the latter case is impossible because of A = 0. As for the former case, from Proposi- 
tion l4.191 there exist gi 6 5p/n(6, C) andjS 2 G 5p/n(6,C) such thaty 6 = ‘PK,fi,a^(Pi,P 2 )- Thus, 
is surjection. Finally, we determine the KsnpEp a-'- From Ker^ = {(£, 1), (-£, 
-cr)) (see m Theorem 4.6.13]), we have that 

Ker^g^C g.^ = {(A,jSi,j 02 ) g SL{2, C) x Spin(6, C) x Spin(6, C) | A = £, P 1 P 2 - 1) 

U {{A,Pi,P 2 ) 6 SL(2, C) X Spin(6, C) x Spin(6, C) \ A - -E, P 1 P 2 - -cr ]. 

Case (i) where A — E, P\P 2 - 1. 

From Ker = {(1,1), (cr, cr)) (Proposition ^. 19l l, we have that 

A = £ f A = £ 

/?! = 1 or i ySi = o- 
>02 = 1 ( j 82 = cr. 

Case (ii) where A = -E, P 1 P 2 = -cr. 

Since P 1 P 2 = -cr e ({EYY'^Y‘> , there exist Pi e Spin(6,C) and P 2 e Spin{6,C) such 
that -cr = P 1 P 2 (Proposition |4]T9]l- Here, we easily see that 

O^' 6 Spm(6,C) = {F4‘^)E,,E2,Ei,Fi{ei,),k=0,\ - (iE2^T’^)Ex,E-uEi+E2,E2-E-i,Fl(et)M=0,l^ 
-< 6 Spin(6,C) = ((£7'')'^’Of.(.0,^=2,....7, 
and cr^i-o^) = -cr, and so together with Ker^^^^ c^- = {( 1 , 1 ), (cr, cr)), we have that 

= 0-4 or I " "^^^4 

Pi^-o-; \p2 = cr{-a-;) ■ 

Hence we see 

Ker^£^c c {(£, 1,1), (E, cr, cr), (-E, cr^, - 0 - 4 ), (-£, crcr^, - 0 - 0 - 4 )), 
and vice versa. Thus we obtain that 

Ker^£^c = {(F, 1,1), (E, cr, cr), (-£, 0 - 4 , - 0 - 4 ), (-£, 0 - 0 - 4 , -crcr^)] = Z 4 . 
Therefore we have the required isomorphism 

(Fv*^)*^^ = iSL{2, C) X Spini6, C) x Spin(6, C))/Z 4 . 


□ 

Now, we determine the structure of the group and prove the connected¬ 

ness of its group as another aim of this section. 

Theorem 4.22. We have that 50(6.0 ^ sLi2, C) x Spini6, C). 

In particular, the group (E 2 ^)‘^is connected. 

Proof. Let SL{2, C) and Spin(6, C) = ((E 2 ^)'‘’YFj(et)k =2 1 Theorem l4.21l Note that 
so(6, C) = {0/5 = (D, 0,0,0) e 67*^ ID 6 so(6, C) = (f4‘^)£i,£2,£3£i(ri)4=o,i )■ Then we define 
a mapping ^e^c, c^^,^o(C,,c) '■ ^^{2, C) x Spinet, C) 50(6,0 by 

‘i®£7C,oj',50(6,o(^>^2) = 'P(A)P2, 

where note that the mapping q is the restricted mapping of the mapping 

in Theorem l4.21l We have to prove that ^^(g is well-defined. In order to prove this. 
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since il/(SL{2, C)) and Spin(6, C) are connected, it is sufficient to show that for 0(0(v), aE\, 
bEuv) e i/r.(sl(2,0), 02 e spin(6,C) s 

[0o,0(0(v),a£i,Z7£i,v)] =O,[0 d,02] =0, 


where 0((p(v),aEi,bEi,v) e i/c.(sl(2,C)), 02 e spin(6,C) s ((e^7^y’'‘)F^(et),k=2,...j^ here a 
mapping i/r, is the differential mapping of the mapping if/ in Lemma 14.201 However, it is 
clear that [0o, 0(0(v), aE\,bE\, v)] = 0, moreover from Lemma 14. 151 it is easy to verify 


that [0/j, 02] = 0. Hence ipF- 


■7'^,[^,so(6,C) 


is well-defined. Since the mapping 


,<,so(6,C) 


the restricted mapping it is clear that the mapping tpF^c q is a homomorphism. 

We shall show that the mapping tpF^c ^ q injection. Since dimc(i,0e,c 5o(g q) = 
18 = 3 -H 15 = dimc(sI(2,C) © 5pin(6,C)) (Lemma l4.ll (211. the differential mapping 
of injection. Hence we see that KeTtpF^c^^^ ,^f, c), = (0)- 


that is, KenpF^c 


X,5o(6,C) 


is discrete. Hence, Ker^^^c 


,o^,5o(6,C) 


is contained in the center 


z(SL(2, C) X Spm(6, C)) = {(£, 1), (E, cr), (£, -o-;), (£, -cro-;), (-E, 1), (-£, cr), (-£, o-;), 
{-E, -cro^')). However, since the mapping tpF^c q maps the elements of z(SL(2, C) x 
Spin(6, C)) to 1, cr, -o^', -cro^', -1, -cr, o^', cro^', respectively, we have that Ker^^^c 
= {{E, 1)), that is, the mapping (pF^c ^o(6C) i^ injection. Finally, We shall show that the 


mapping Pei^ io{6C) i^ surjection. For a e c {E^yi, there exist A e 

SL(2,C),Pi 6 Spin{6,C) = (FA')EuE 2 ,Ei,F\[et),k= 0 ,l - ((£’?*',£ 2+£3 ,£2-£3 ,£i ( ek),k=0 1 
and y62 e Spin(6,C) = ((Ej^y’'^)Fj(et),k= 2 ,...,i such that or = il/(A)/3i/32 (Theorem 14.211) . 
Moreover, from the condition 0/ja = Q'0 d, together with <l>Dtf/{A) - i/c(A)0o(Lemma 
4.20) and 0z)jS2 = j82 0D(Lemma 4.14), we have 0£)jSi = j8i0z) for all D e 50(6, C). Hence 
/3i is contained in the center z(5p0(6, C)) = z((F'4%,,£2,£3.£i(ei).-fc=o,i) = {l,cr,cj4',cro^') = 
Z4. However, we see that 


o- = (l)cr = (/c(£)cr e iA(5L(2, C))Spin(6, C), 

0-4' = (-IX-O = e ilf{SL{2,C))Spin{6,C\ 

0 - 0 -; = (-l)(-crcr4') = il/(-E)i-o-o-;) e il/(SL(2,C))Spin(6,C), 

that is, cr, cj^', cro^' e >f/{SL{2, C))Spin{6, C), where Spin(6, C) = ((£’?*')'^’^)£|(ej),j:=2,...,7- Con¬ 
sequently, we have ySi = 1. Hence, Pf^ a-' 50(6 c) i^ surjection. 

Thus we have the required isomorphism 

(£^C)<r;,so(6,c) ^ ^^2, C) X Spin{6, C). 

Therefore we see that the group (£’7‘^)°4is connected. □ 


5. Connectedness of the group 
We define a subgroup of the group {E^^Y* by 


{EY)' 


C\o^,so(6,C) _ 


a e eY 


a = ao^, 

0{RD)a = a0(RD) for all D 6 so(6, C) 


where Ro — (00,0,0,0,0,0) e and 0{Rd) means ad(/?o). Hereafter for/? e 
denote ad(/?) by 0{R), moreover in eg*', we often use the following notations: 


we 


0 = (0,0,0,0,0,0), 0-= (o,p,o,o,o,o), 2-= (0,0,2,0,0,0), 

7= (0,0,0, r, 0,0), = (0,0,0,0,i,0), 0 = (0,0,0,0,0, f)- 

In order to prove the connectedness of the group (£’g‘^)'^'"^“(®’0, we use the method used 
in Q. However, we write this method in detail again. 

First, we consider a subgroup ((£'g‘')°4’^“^®’C)j of the group (^gC^t^'.soce.c). 

((£gC)<M6.C))j = |q, 6 50(6,0 I = 1_}. 
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Lemma 5.1. We have the following. 

(1) The Lie algebra of the group is given by 




C\c^',5d(6,C) 


)i_ ^ \Re 


cr^R = R, 

[R,Rd] ^0 for all D e 50 ( 6 , 0 , [R A-] ^0 
<P 6 ( 50 ( 6 ,C)^ 

Q = (Z,W,f,co), 


(0,0, e,0,0,f)6 eg^ 


Z = 



0 

O' 


'tOi 

0 

O' 

0 

^2 

z 


0 

(i>2 

w 

lo 

Z 

^3j 


lo 

W 

0)3, 


(es^)' 


C\o^,5o(6,C) _ 


/?£ eg^ 


fk, Oik, f,ciieC,z,we O, 
t e C 

where as for the explicit form of the Lie algebra see Lemma 4.1 (2). 

In particular, 

dimc(((eg‘^r4’"“'®’‘^^)iJ = 18 + ((3 + 2) X 2 + 1 X 2) + 1 = 31. 

(2) The Lie algebra (z^^yL^'^LC) group is given by 

alR ^R, I 

[R,Rd] — 0 for all D 6 so(6,C), j 

0 e (g.^c^cr; ,50(6,0^ 

P^(X,Y,f,p), 

(0, P, Q, r, s, t) 6 

vu .V t,gy 

fk,rik,^,n, ^C,x,ye , 

Q — ifZ,^, f, oi) is same form as P, 
r,s,teC 

In particular, 

dimc((e8‘^r4-"""’-‘^>) = 18 + ((3 + 2) X 2 + 1 X 2) X 2 + 3 = 45. 

Proof. (1) For R - (0, P, Q, r, s, t) 6 eg'', from the condition cr^R - R, we have that 



r^i 

0 

O' 


(m 

0 

O' 

X = 

0 

^2 

X 

,y = 

0 

m 

y 


lo 

X 

ft. 


lo 

y 

m, 


0 e ( 67 *')'^^ 


P = (X,Y,f,p), 


Q^(Z,W,f,cj), 
r,s,te C. 


X = fiEi+ ^2E2 + ^£3 + £i(^), fk,^&C,xe O, 

Y = riiEi + ri2E2 + y^E^ + £i(t/), pk,'neC,ye C^, 

•Z = ^iFi + ^ 2^2 + fsEi + Fi(z),fk,C & C,z € O, 

W — oiiEi + (i) 2 E 2 + oi^E^ + Fi(w), oiji, Cl) ^ C, w ^ L^, 


Moreover, from the condition [R, Ro] — 0, we have that 

0 e (e 7 ‘')‘ti'’®“(®’‘'\ p, Q are same form above, and so are r, s, t. 

Finally, from the condition [R, 1_] =0, we have that P - 0 and s = r - 0. Hence we 
have the required explicit form of the Lie algebra ((eg‘')°4’^“‘^®’‘'')i . 

(2) By an argument similar to (1) above, we have the required result. □ 

In Proposition l5.2l below. note that the subspace ('?‘')or' of 'P'' is defined by 
(P% = {PeP^|cr;P = P) 

^ {(X,Y,f,y)e^^ \X, Ye (3^)^; ,f,yeC}, 
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where ( 3 ^)^ = {X e 3^ I cr^X = X). 

Proposition 5.2. The group is a semi-direct product of groups 

exp(6>((('i3<^)o.0_ e C_)) and (E^c^^r/.soce.c). 

((£gC)<.so(6.c))^ = exp(0(((^C)^)_ e C-)) X (£/)-4'.^»(6 .c). 

In particular, is connected. 


Proof. Let ((‘^^‘')o5')- © C_ = {(0,0, 2,0,0, f) I Q 6 C¥*')ojsf G C) be a Lie subalgebra 
of the Lie algebra (Lemma ISTTl l 111. Since it follows from [Q-,t-] - 0 

that 0(2 ) commutes with 0 (f-), we have exp( 0 ( 2 - + f-)) = exp( 0 ( 2 -)) exp( 0 (f_)), 
and so we also see that exp(0((('!P‘')cr')_ © C_)) is the connected subgroup of the group 

((£8C)<r;,.o(6.C))j__ 

Now, let a e and set 

al = (0,PQ,r,s,t), aV = (0i, Pi, 2i, n, ii, L)- 

Then, from the relation formulas [al, 1_] = a[l, 1_] = -2al_ = -21_, [al“, 1_] = 
a[l“, 1 _] = al, we have that 

P - 0, s = 0, r - I, <1> - 0, P\ - -Q, Si = 1, ri = 


Moreover, from [al, al ] = a[l, 1 ] = 2al , we have that 


1 


1 


1 


<?i = x2X Q, Qi = --2- L = -T - 77iQ’ 2i)- 


Hence we see that a is of the form 


16 


0 

0 

2 

1 

0 

t 


2 ^x 2 

-2 

-^2-^(2x2)2 


0 
0 
0 

0 
0 

4 + ^12.(2x021 I, 


1 


On the other hand, we have that 


61 = exp( 0 ((;^)_))exp( 0 ( 2 -))L 


and also that 


2 ^x 2 

-2 

^( 2 x 2)2 


, 4+^{2, (2x2)2) 


= aV 


61 — al, 61- - al-. 

Hence we see that 6-^a e ((£ 8 ^)^"'’"“‘®’‘^)t,i-,i = (£ 7 ‘^) 2 i'.=“( 6 . 0 . 
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Thus we have that 


((£gC)<,.o(6.c))j = exp(0(((^%)-©C-))(£7^r^'’^“^®’^^ 
Furthermore, for/? e jg easy to verify that 

/?(exp(0(e_)))/?-i = exp(0Oee.)), /?((exp(6>(f-)));8-' = exp(0(f_). 
Indeed, for (0', P’, Q', r', s', f) e eg*', by doing simple computation, we have that 
l30{Q-)l3\<I>',P',Q',r',s',t') = /3[Q-,/3-\0',P',Q',/,s',t')] 

= P\ Q\ P, s', t')] CS e £ 7 ^ c Es^) 

= \PQ-,{0',P',Q',r',s',t')] 

= 0(J3Q-)((t>',P',Q',r',s',t'), 
that is, I30{Q-)I3^^ - 0(J3Q-). Hence we obtain that 


Aexp((9(e-)))^-' 


00 


«=0 

y -.{mQ-w^r 

00 

y -sem-W 


rt =0 

exp(6>(/?0_)). 


= 0032-)) 


By the argument similar to above, we have that /3((exp(0(f_)))yS * = exp(0(f_). 

This shows that exp(0(((ip‘')o,')- © C-)) = exp(6>(((')3‘')c^')-) exp(0(C_)) is a normal sub¬ 
group of the group((£'8‘^)‘^‘'’'°^®’^')i-- 
Moreover, we have a split exact sequence 

1 ^ exp(6»(((')3^)oj0- © C-)) ^ ^ ^ i_ 

Hence the group is a semi-direct product of exp(6>(((‘!P‘')oj')- © C-)) 

and (£7C)<,.0(6,0. 

((£gC)<,.o(6.C))i ^ exp(0(((^C)<,;)- © C-)) X 

Therefore since exp(0(((‘!P‘')cq')_ © C_)) is connected and is connected 

(Theorem l4.22b . we have that the group((£'8*')'^’*“^®’‘'')i_ is connected. □ 


For R e eg*', we define a C-linear mapping Rx R : eg*' ^ eg*' by 

(R X R)Ri = [R, [R, £1] ] + ^BdR,Ri)R, Ri e eg^, 

where Bg is the Killing form of the Lie algebra eg*' (As for the Killing form Bg, see IfTTl 
Theorem 5.3.2]), and using this mapping we define a space 2C*' by 

9B*^ = (B e eg^lBxB = Q,R + 0), 

moreover, define a subspace (SC*')^.'so(6,c) of SC*' by 

(aB^)<r;,.0(6,0 = {-R 6 I <P = P^ = 0 for all D 6 50(6, C)}. 


Lemma 5.3. For R — (0,P,Q,r,s,t) e eg*' satisfying ofR-R and [B/j,/?] = 0 for all 
D e so(6,C),B 4 0, B belongs to (SC*')o^_5o(6,c) if and only if R satisfies the following 
conditions: 

(l)2s0-PxP^O (2)2f0+2x2 = O 
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(3) 2r0 + PxQ^0 (4) 0P -3rP -3sQ ^0 
(5) 0Q + 3rQ -3tP^0 (6) {P, Q} - 16(sf + r^) = 0 

(7) 2(0P xQi+2Px 0Qi -rPxQi-sQx Qi) - {P, Qi}0 = 0 

(8) 2(0QxPi + 2Qx0Pi +rQxPi- tP x Pi)-{Q, Pi}0 = 0 

(9) 8((P X Qi)Q - stQi - r^Qi - 0^Qi + 2r0Qi) + 5{P, Qi}Q - 2{Q, Qi}P = 0 

(10) 8((exPi)P + sfPi +r^Pi +0^Pi +2r0Pi) + 5{Q,Pi]P-2{P,Qi]Q = 0 

(11) 18(ad 0)^01 +Qx 0iP -Px0iQ) + Bi{0, 0i)0^O 

(12) m0i0P - 200iP - r0iP - s0iQ) + Bi{0, 0i)P = 0 

(13) 18(0100 - 20010 + r0iQ - t0iP) + Bj(0, 0i)0 = 0, 

{where B-j is the Killing form of the Lie algebra tj‘^)for all 0i 6 , P\,Q\ 6 

Proof For R - {0,P,Q,r,s,t) e eg*' satisfying cr^R - R and = 0 for all D e 

50(6, C),R + 0, by doing simple computation of (R x R)Ri — 0 for allf?i = (0i, Pi, 0i, ri, 
ii, fi) e eg*', we have the required result above. □ 

Proposition 5.4. The group {{Eg^)°i’^'^^’^^)o acts on (2C‘')(7;',5o(6,c) transitively. 

Proof Since a 6 (pgC^oj',so(6,c) jgaves invariant the Killing form Pg of eg*'; B^iaR, aR') — 
Bi(R,R'), R,R' e eg'', we have aR e (2C‘')c^'_so(6,c) forP e (2B‘')c^'_5„(6_c). Indeed, since we 
see that 

{aRxaR)Ri - [aR,[aR,aRi]] + —B^(aR,Ri)aR 

- a[[P,[P,a-'Pi]] + ^Pg(P,a-'Pi)aP 

= ai{RxR)a-^Ri 

= 0 , 

[PD,aP] = a[a^*PD,P] = a[PB,P] 

= 0 , 

this shows that the group (£g‘^)'^acts on ( 2 C‘')o 5 ', 5 o( 6 ,c)- We shall show that this action 
is transitive. First, for Pi e eg'', it follows from 

(l_xl_)Pi = [l_,[l_,(0i,Pi,0i,ri,^i,fi)]] + ^Pg(l_,Pi)l_ 

= [l-,(0,0,Pi,-ii,0,2ri)]+2iil_ 

= (0,0,0,0,-2ii) + 2iil_ 

= 0, 

[Rd, 1 -] = 0 , 

and o^'l- = 1- that we confirm 1_ e (2Il'')o-;,5o(6,c)- Then, in order to prove the transitivity 
of this action, it is sufficient to show that any element P 6 (2B'')oj',5o(6,c) can be transformed 
to 1- e ( 2 B'')oj', 5 o( 6 ,c) by some a e (^gC^cti.soCe.c) ^ve have the following. 

Case (i) where P = (0, P, 0, r, s, t), t + 0. 

From Lemma l531 (21.(51 and (6), we have that 

^ = -^0 X 0, P = ^0 - ^(0 X 0)0, . . 4 . ^{0, (0 X 0)0). 

Now, for 0 = 0(0, Pi, 0, ri, ii, 0) 6 (Lemma|5T](2)), we compute 0"1_: 
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((-2)”-' +(-l)”)ri"-^Pi XPi 


((- 2 > 


!+(-!> 


rt -1 


-)ci" ^SiP 1 + ( 


1 _(_ 2 )« ^ (- 1 )" 


6 2 
((- 2 )” + (-l)”-')ri”-iPi 


)ri"-3(Pi xPi)Pi 


^«-2 ^ „-2 2 , 2 ”-^ + (- 2 r " - (- ir * „ „-4 


-((- 2 )”-^ + + 


24 

(- 2 )"ri” 




Then, by doing simple computation, we have that 


exp(0(O,Pi,O,ri,si,O))l_ = (exp0)l_ = 

1 


n=0 

-2ri 


-2e~''‘ + l)Pi xPi 




1 


_ gO + e~n + i)Pj + _(_e-2o + gO + 3g-o _ 3)^^^ ^ Pi)P 
ori^ 


2 ri' 


l(g- 2 n _g-n)pi 
2ri 

.2 1 

- + e^’’' - 2) +-+ g-2n _ 4gn _ 4g-o + 6){Pi, (P, x Pi)Pi) 


96 ri 


„- 2 ri 


Note that if ri - 0, 


/(n) /(n) 

—^ means hm 


rp 


n -»0 ri 


i ■ 


Here we set 


<2=2(g-2o_g-0)^^^ ^^^(l_g-2o)^ f^g-2.. 

ri 2 ri 


Then we have that 


(exp 0)1- 


-^QxQ 

72-^2(2x02 

Q 

r 

-7 "^‘2, (ex 00 


R. 


Thus R is transformed to 1_ by (exp 0) ' 6 ((£'8‘')'^'’®“^®’‘^)o. 

Case (ii) where R - (0, P, Q, r, s, 0), i 3 ^ 0. 

First, we denote exp(0(0,0,0,0, njl, -njl)) 6 ((£8‘^)'^"'’'“‘®’^^)o by A' (Lemma 0(2')'). 
Here, operate A' on R, then we have that 

A'R = A'(0, P, Q, r, s, 0) = {0, Q, -P, -r, 0, -s), -s + 0. 


Hence this case can be reduced to Case (i). 

Case (iii) where R - (0, P, Q, r, 0,0), r ^ 0. 

From Lemma 153 ] (2').(S') and (6), we have that 

e X e = 0, 0Q^ -3rQ, {P, 0 = 16r2. 
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Then, for 0 = 0(0, Q, 0,0,0,0) 6 0 ((e 8 ‘^)‘^ 4 .^»( 6 .c)) (Lemma|5T](2)), we see that 

(exp 0)R - (0, P + 2rQ, Q, r, -4r^, 0), -4r^ 4 0. 

Hence this case can be reduced to Case (ii). 

Case (iv) where R - (0, P, Q, 0,0,0), Q^Q. 

We choose Pi e ('?**')oj' such that [P\,Q) + 0. Then, for 0 = 0(0,Pi,0,0,0,0) e 
0 ((e 8 ‘')° 4 '’®“^®’‘'^) (Lemma|5T](2)), we have that 

(exp 0)P = (0 + Pi X e, P - 0Pi + i(Pi X 0Pi, e, -i{Pi, 2), 

\{PuP) + \{Pu-^Pi] + X 0)> * 0. 

Hence this case can be reduced to Case (hi). 

Case (v) where R - (0, P, 0,0,0,0), P 4= 0. 

We choose Qi E (iP‘')o^ such that {P,Q\) + 0. Then, for 0 = 0 ( 0 , 0 , 01 , 0 , 0 , 0 ) e 
(Lemma|5T](2)), we have 

(exp0)P = (0-Px0i,P,-00i-i(Px0i)0i,i{P,0i), 

O,-i{0i,-00i)-^{01,-(Px 01)01)), i{P,0i)4O. 

Hence this case can be reduced to Case (iii). 

Case (vi) where R - (0,0,0,0,0,0), 0 + 0. From Lemma 1531 (10). we have 0^ = 
0. We choose Pi e (‘’)3‘')oj' such that 0Pi + 0. Then, for 0 = 0(0,Pi,0,0,0,0) e 
0((e8‘')‘^’’®“^®’‘'^) (Lemma l53] (2)). we have that 

(exp 0)P = (0,-0Pi,O,O,i{0Pi,Pi),o). 

Hence this case is also reduced to Case (v). 

Thus the proof of this proposition is completed. □ 

Now, we shall prove the theorem as the aim of this section. 

Theorem 5.5. The homogeneous space (£8‘')3’^“*®’‘^/((£8*')‘^"’^°*^^’‘^)i_ is diffeomorphic to 
the space (aC^)<.;,.„( 6 .c): (£ 8 ^)'^^'’^“'®’^/((£ 8 ^)"^'’^“<®’^>)i_ - 
In particular, the group (£g ‘')°4 is connected. 

Proof. Since the group acts on the space (2C‘')oj'_so(6,c) transitively (Proposi- 

tion l5.4l) . the former half of this theorem is proved. 

The latter half can be shown as follows. Since ((£ 8 *')‘^’^“*®’‘^)i_ and (2B‘')o^ are con- 
nected (Pror)ositions l5.2l[5.4l) . we have that is also connected. □ 


6. Construction of Spin{lQ, C) in EY 
We define a subgroup of Es by 




a E Eg 


= ac^', 

0{RD)a - a0(Ro) for all D E 50 ( 6 ) 


Then we have the following lemma. 
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Lemma 6.1. The Lie algebra of the group is given by 

o-;r = r, I 

[/?,/?£)] = 0 for all D e 50 ( 6 ) J 


0 6 

P = (X,Y,^,p), 




(ft 

0 

O' 


'm 

0 

O' 

(0, P, -tAP, r, s, -Ts) 6 eg 

X = 

0 

fl 

X 

,y = 

0 

m 

y 



lo 

X 

f-i, 


lo 

y 

m, 


fk,rik,f,ri, eC,x,y e , 
r e iR, s € C, 




,c^',50(6) _ 


^ e eg 


where as mentioned in Lemma 4.11, as for the Lie algebra ev of the compact Lie group 
Ef, see mi] theorem 4.3.4] in detail, and so the Lie algebra above is defined as 

follows: 




|0(0, A, -tA, v ) 


[<t>, (P/)] = 0 for all D e so(6) 


d>{(p,A, —tA, v) e ey 


Di 


0 


0 


+A1 (cz) 

+i(Tl£'l+T2£'2+T£'3+Fl(fl))' 


D2 c 5 o( 2 ), a c L, Tk c R 

Ti + T2 + T3 = 0, ti C L, 

'fi 0 O' 

A = 0 f2 xi 

.0 xi fi, 

V 6 iR 


, fk ^C,xi e C*', 


In particular, 

dimc((e8‘^)<’"“<®’‘^)) = 18 + ((3 + 2) X 2 + 1 X 2) X 2 + 3 = 45. 


Proof. By the argument similar to Lemma 5.1 (2), we have the required result. □ 

Proposition 6.2. The Lie algebra (eg)°4’®“® is isomorphic to the Lie algebra so(lO) and 
the Lie algebra is isomorphic to the Lie algebra 5o(10, C): (eg)°4= so(lO) 

and(t^^)<'^'^^'^^ = so(10,C). 

Proof We provide the correspondence between the Lie algebra so( 10) = {D 6 M(10,/?)| 
'D - -D) and the Lie algebra (eg)‘^’’®“^®^ explicitly as follows: 

ip, : 50 ( 10 ) ^ (e8)<’=“(6)^ 

Gij ^ Rij, 0 </<;•< 9, 

where the elements Gij are /?-basis in 5o(10). As its example, the explicit form of G 26 as 
matrix is of form with (3,7)-component = 1, (7,3)-component = -1, other components 
= 0, moreover the explicit forms of C-basis R^ in are as follows. 

= ( 0(-/(£2 - E2T , 0 , 0 , 0 ), 0 , 0 , 0 , 0 , 0 ) 

Rqi = (^( 0 , -^(£2 - £ 3 ), -^(£2 - £ 3 ), 0 ), 0,0,0,0, 0 ) 

£12 = ('f(o, ^(£2 + £ 3 ), -^(£2 + £ 3 ), 0 ), 0,0,0,0, 0 ) 
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Ro3 = (^(o, -^(£2 - £3), ^(£2 - £3), 0), 0,0,0,0,0) 

£13 = (^(0, -^(£2 + £3), -^(£2 + £3), 0), 0,0,0,0,0) 

R23 = ( 0 (-i(Ei V £1), 0,0, i), 0,0,0,0,0) 

£04 = ( 0 , (-(£2 - £3), 0 , 0 , 0 ), ( 0 , -(£2 - £3), 0 , 0 ), 0 , 0 , 0 ) 
£14 = (0, (-i(E2 + £3), 0,0,0), (0, i(E2 + £3), 0,0), 0,0,0) 
R24 = (0, (0, iEuO, -i), (/£i, 0, -i, 0), 0,0,0) 

£34 = (0,(0,£i,0,l), (-£1,0,-1,0), 0,0,0) 

£05 = ( 0 , (-/(£2 - £3), 0 , 0 , 0 ), ( 0 , i{E2 - £3), 0 , 0 ), 0 , 0 , 0 ) 
£15 = ( 0 , (£2 + £ 3 , 0 , 0 , 0 ), ( 0 , £2 + £ 3 , 0 , 0 ), 0 , 0 , 0 ) 

R2^ = (0, (0, -£i, 0,1), (£ 1 ,0, -1,0), 0,0,0) 

R^s = (0, (0, /£i, 0, i), (/£i, 0, i, 0), 0,0,0) 

£45 - (‘f(/(£i V £1), 0,0, ^), 0,0, 0,0) 

£o 6 = (0, (0, -(£2 - £3), 0,0), (£2 -£3,0,0,0), 0,0,0) 

= ( 0 , ( 0 , i{E2 + £3), 0 , 0 ), (!(£2 + £3), 0 , 0 , 0 ), 0 , 0 , 0 ) 
£26 = (0, (/£i, 0, -i, 0), (0, -iEu 0, /), 0,0,0) 

£36 = (0,(-£i,0,-l,0),(0,-£i, 0,-1), 0,0,0) 

£46 - (‘f(0, i£i, -^£1,0), 0,0,0, - i, i) 

£56 - (0(0,-^£1,-^£1,0),0,0,0,-^,-^) 

Ro2 = (0, (0, -i(E2 - £3), 0,0), (-/(£2 - £3), 0,0,0), 0,0,0) 
Ri2 = ( 0 , ( 0 , -(£2 + £3), 0 , 0 ), (£2 + £ 3 , 0 , 0 , 0 ), 0 , 0 , 0 ) 

£27 = (0, (-£1,0,1,0), (0, -£i, 0,1), 0,0,0) 

R^j = (0, (-/£i, 0, -/, 0), (0, iEu 0, i), 0,0,0) 

£47 - { 0 {O, ^£i, ^£1,0), 0 , 0 , 0 , 

£57 - (‘f(0, ^£1, -^£1,0), 0,0,0,1 -^) 

£67 = (‘f( - i(Ei V £1), 0,0, -^), 0,0, -^, 0,0) 

£o 8 = ( 0 (Ai( 0 , 0 , 0 , 0 ), 0 , 0 , 0 , 0 , 0 ) 

£i 8 = (0(-£i(l)~, 0,0,0), 0,0,0,0,0) 

£28 = (^(0, -^£1(1), -^£i(l), 0), 0,0,0,0,0) 

£38 = (^(0, ^£i(l), -^£i(l), 0), 0,0,0,0,0) 

£48 = (0, (/£i(l), 0,0,0), (0, /£i(l), 0,0), 0,0,0) 

£58 = (0, (-£i(l), 0,0,0), (0, £i(l), 0,0), 0,0,0) 
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Res = ( 0 , ( 0 , /Fi(l), 0 , 0 ), (-/Fi(l), 0 , 0 , 0 ), 0 , 0 , 0 ) 

= (0, (0, 0,0), (-Fi(l), 0,0,0), 0,0,0) 

Ro9 = 0, 0 , 0 ), 0 , 0 , 0 , 0 , 0 ) 

R^g = ( 0 (-Fi(ei)~, 0 , 0 , 0 ), 0 , 0 , 0 , 0 , 0 ) 

R 29 = (‘f( 0 ,-iFi(ei),-^Fi(ei), 0 ), 0 , 0 , 0 , 0 , 0 ) 

Rs9 = (^( 0 , ^Fi(ei),-^Fi(ei), O), 0,0,0,0,0) 

R 49 = (0, (iFi(ei), 0,0,0), (0, iFi(ei), 0,0), 0,0,0) 

R 59 = (0, (-Fi(ei), 0,0,0), (0, Fi(ei), 0,0), 0,0,0) 

R 69 = (0, (0, -iFi(ei), 0,0), (iFi(ei), 0,0,0), 0,0,0) 

Rig = (0, (0, -Fi(ei), 0,0), (-Fi(ei), 0,0,0), 0,0,0) 

Rs9 = (‘f(-[Ai(l),Ai(ci)],0,0,0),0,0,0,0,0)(-[Ai(l),Ai(ci)] e ^ 4 ) 

Then we can confirm that is a Lie-homomorphism, that is: 

(pt([Gij,Gki]) - [(pt(Gij),(pt(Gki)]. 

In order to prove these, we need to check 45 C 2 = 990 times if honestly doing. Then, 
we give only five examples. As the first example, we shall show that ^c»([Goi,G 02 ]) = 
[^.(Goi),yj«(Go 2 )]- Indeed, ^o»([Goi,G 02 ]) = tpti-Gn) — -R\ 2 - 
On the other hand, 

[y),(Goi), y>,(Go2)] = [f^0Lf^02] 

= [(^(-;'(£2 - £3)', 0,0,0), 0,0,0,0,0), (^(o, -^(£2 - £3), -^(£2 - £3), o), 0,0,0,0, o)] 

= ([i>(-i(£2 - £3)', 0,0,0), (<P(0, -^(£2 - £3), -^(£2 - £3), 0)], 0,0,0,0,0) 

= (<f(0, -i(£2 + £3), ^(£2 + £3), 0), 0,0,0,0,0) 

= -£i2- 

As the second example, we shall show that i,ci*([Go 4 , G 45 ]) = [^,(Go 4 ), ^»(G 45 )]. Indeed, 
^,([Go 4 , G 45 ]) = i,0,(Go5) = £o 5- 
On the other hand, 

[¥’*(Go4),^.(G45)] = [£o4>£45] 

= [(0, (-(£2 - £3), 0,0,0), (0, -(£2 - £3), 0,0), 0,0,0), (<p(i(£i V £1), 0,0, ^), 0,0, 0, o)] 

= (0, -[mEi V £ 1 ), 0,0, ^)(-(£2 - £3), 0,0,0) + ^(-(£2 - £3), 0,0,0), 

-[mEi V £,), 0,0, ^)(0, -(£2 - £3), 0,0) - ^(0, -(£2 - £3), 0,0), 0,0, o) 

= (0, (-;(£2 - £3), 0,0,0), (0, i(£2 - £3), 0,0), 0,0,0) 

= £05 • 

As the third example, we shall show that ^.([Gs?, Ge?]) = [^.(Gs?), i^OtCGe?)]. Indeed, 
^,([G57,G67]) = ifti-Gee) - -Rse- 



44 


TOSHIKAZU MIYASHITA 


On the other hand , 

= [(^>(0, , O), 0,0,0. (S)( - ;■(£, V £,), 0,0, -^), 0,0, -^, 0. o)] 

- Ho4£.4^.-o).o.o.o,y) 

= -^56- 

As the forth example, we shall show that ^^([Gae, Ggs]) = [^*(G 36 )> Indeed, 

i/),([G36,G68]) = i, 0,(G38) = f?38- 
On the other hand , 

[^.(G36),(^,(G58)] = [£36>f^68] 

= [(0, (-El , 0, -1,0), (0, -£i, 0, -1), 0,0,0), (0, iFi (1), 0,0), (-iFi (1), 0,0,0), 0,0,0)] 

= (i-Ei , 0, -1, 0) X (-i£i (1), 0,0,0)) - (0, iFi ( 1 ), 0,0) x (0, -£1 , 0, - 1 ), 0,0,0,0,0) 

= (4>(0,^£i(l),-^£i(l),0)-<?(0,-^£i(l),-^£i(l),0), 0 , 0 , 0 , 0 , 0 ) 

= (4>(0, ^£1 ( 1 ), -^£i(l), 0 ), 0 , 0 , 0 , 0 , 0 ) 

= £ 38 - 

Finally, as the hfth example, we shall show that i/j,([G 28 , Ggg]) = [i/3,(G28), i/J.CGgg)]. 
Indeed, ^,([G 28 , Ggg]) = ^,( 029 ) = £ 29 - 
On the other hand , 

[93.(G28), i/>.(G89)] = [£ 28 , £ 89 ] 

= [(<£( 0 , -^£,(1), -^£,( 1 ), 0 ),0.0.0,0, 0 ), (S>( - [Aid),A,(e,)],0.0, o), 0.0.0,0, o)] 

= ([s>(o, -V, (1), -V,(1), 0 ), <£( - [Aid), Aid,)], 0, 0,0 )], 0, 0,0,0, o) 

= (i>(0, [Aid), Aidi)]( - ^£ 1 ( 1 )), [Aid), A,(ei)]( - ^£id)), o), 0, 0,0,0, o) 

= (<£( 0 , - i £, di), - i £1 d,), 0 ), 0 . 0 . 0 , 0 , 0 ) 

= £ 29 - 


Since we have dim(so(10)) = 45 = dim((e 8 )‘^'’®“®) from Lemma lOTl we see that i/j, 
is an isomorphism. Thus we have the required isomorphism = so(lO) as a Lie 

algebra. The latter case is the complexihcation of the former case. □ 

Now, we shall prove the theorem as the aim of this section. 

Theorem 6.3. We have that ^ Spin(l0, C). 

Proof. The group (£’ 8 *')'^’*“*^^’*'^ is connected(Theorem l5 .51) and its type is so(10, C) (Propo¬ 
sition IQ) . Hence the group is isomorphic to either one of the following 

groups: 

5p/n(10,C), 5G(10,C), 5pin(10, C)/Z 4 . 

Their centers of groups above are Z 4 , Z 2 , (1), respectively. However, we see that the center 
of has the elements l,cr,cr^,crcr^, and so its center is Z 4 . Hence the group 

(£' 8 *')'^’^“^®’*'* have to be isomorphic to Spm{\0, C). □ 
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7. The structure of the group 


By using the results of previous section, the aim of this section is to determine the 
structure of the group . 

Lemma 7.1. The Lie algebra of the group (EYY^ is given by 

0 e (e7^)‘^S 



ffl 

0 

O' 


'm 

0 

O' 

z = 

0 

^2 

X 

, F = 

0 

m 

y 


lo 

'x 

ft. 


lo 

y 



(0, P, Q, r, s, t) 6 

V VJ -V ^ij 

C,x,y e C^, 

Q — (Z, W, io) is same form as P, 
r,s,teC 

as for the explicit form of the Lie algebra see Lemma 4.1 (7). 

In particular, 

dimc((e8^r0 = 33 + ((3 + 2) X 2 + 1 X 2) X 2 + 3 = 60. 
Proof By the argument similar to Lemma 5.1, we have the required result. 


Now, we shall prove the following theorem as the aim of this section. 

Theorem 7.2. We have that = {Spin(6,C) x Spin(lQ,C))IZ 4 , Z 4 = {(1,1), 

(o^', 0 -O 4 '), (o-, cr), ( 0 - 0 ^', 05 ')). 

Proof Let Spin(6,C) = (f 4 ^)£,,£ 2 ,£ 3 ,Fita).-i=o,i = ((£ 7 ‘^)''’^)£,,£_,,£ 2 +£ 3 ,£ 2 -£ 3 /ita).-t=o.i ^ 
c {Es^)< (Theorems [nH E2D and 5 / 7 /n( 10 , C) = c 

(Theorem l6.3l) . Then we define a mapping (p^ c ^ : Spin(6, C) x Spin(l0, C) (Ti’g'')'^ by 

8 5^4 

It is clear that PEf^.a-' well-defined. Since [Rd,Rw] - 0 for Ro e spin( 6 , C) = 5 o( 6 , C) = 
(U^)E,.E,.E,.FM,k=o,uRio 6 5 pin( 10 ,C) = so( 10 ,C) = (egC)- 4 '.=»( 6 .c) (LemmasEHIEB 

and Spin{6,C),Spin(lQ,C) are connected, we see that af — fa. Hence ^ ho¬ 
momorphism. Moreover, we obtain that = Z 4 . Indeed, since we see that 

dimc(spin( 6 , C) © 5 pin( 10 , C)) = 15 -H 45 = 60 = dimc((e 8 )'^') (Lemma l7.II) and from 
ziifEs^^ ) - { 0 )(the mapping Pes^o^ '^he differential mapping of we have 

that Ker^g^c ^./ is discrete. Hence KeipEg^.a-' contained in the center z(Spin{6,C) x 
5pin(10, C)) = z(Spin(6,C)) X z(Spin(lO,C)) - {l,cr,cr^,crcr^} x {l,cr,o^,cro-^}. Then, 
among them, the mapping ^ maps only ( 1 , 1 ), (erf crerf), (cr, cr), (cro^', o^') to the iden¬ 
tity 1. Hence we have that Kerp^^c^ c {(1,1), ((o^', cro^'), (cr, cr), (cro^', o^')), and vice 
versa. Thus we see that 


^^’’‘PEsPo-; = {(1- 1)> ((O4- 0 - 0 ^'), (O', cr), (0-0-4', O4)) - ^ 4 - 

Since (Eg^)''* is connected and Kerp^^c ^ is discrete, again together with dimc(so( 6 , C) © 
50(10, C)) = 15 + 45 = 60 = dimc((eg)‘^'), PEgC^a-' surjection. 

Therefore we have the required isomorphism 

(Eg‘^)°'^ s (Spin(6, C) X Spin(lO, CfjZ^. 


□ 



















46 


TOSHIKAZU MIYASHITA 


8 . Main theorem 

By using results above, we shall determine the structure of the group , which is 
the main theorem. 

Theorem 8.1. We have that = {Spin{6) x Spin{\0))IZ^, Zi, - {(1,1), (c^',cro^'), 

(cr, cr), (crc^', o^'))- 

Proof. For 5 e (Eff* - - ((Eg''c {E^^Yf there exist a e Spin(6, C) = 

{F4^)EuE2,E,,Fi(et),k=0,l - iiE7‘^y’^)Ei,E-i,E2+E,,E2-E,,Fi(ek),k=0,l ^ (Ej'^Y'' C {EY)°* and6 
Spin{lQ,C) = c {EY)‘^ such that 6 = ‘fia,/3) = a/3 (Theorem l7.2l) . From 

the condition rA^idA^T - 6, that is, T/loji,o(Q',y 6 )/l^T = (fi(a,/3), we have (^oCT/l^jad^jT, TjSt) = 
ip{a,/3). Hence, we have that 


rar — a 

\ TOT = crer/a 


(ii) \ ^ , 

tAoj/AAojT = /?, 

1 tA^/AA^t ^0-^/3, 

rar - era 

1 rar - cr/a 


(iv) " 

tA^PA(2jT = 0-/3, 

tA^/AAojT = crai/3. 


Case (i). From the condition rar — a, we have a e Spin(6) = {.F 4 )E^,E 2 ,E 2 ,Fi(ei),k=ti,\- 
Indeed, first since Spin(6,C) = iFY')Ei,E 2 ,E,,Fi{et),k=o,i is simply connected, the group 
(■F 4 )£i,£ 2 ,£ 3 ,fi(et),*:=o,i = ((F' 4 ‘')£i,£ 2 ,£ 3 ,fife),*:=o,i)’^ is Connected. Since (FY)Ei,E 2 ,E 2 ,F,(et),k=o,i 
acts on the group (F4)E^,E2,E2,Fl^e^),k=o,\ = ((F’ 4 ‘^)£i,£ 2 .£ 3 .^'ife),*=o,i)’' acts on 

^ {Xe {V^f \tX^X} 

— — ^l(0 I ^ “ ^2^2 + ^3^3 "I" ^4^4 + ^5^5 + ^6^6 ^7^7? ^ 


with the norm (X,X) - 2tl. We can define a homomorphism n : (F 4 )Ei,E 2 ,E 3 ,Fiiek),k=o,i 
5(9(6) = SO(V^) by 7T(a) - a|y 6 . Then it is easy to obtain that KerTi = {1, cr) s Z 2 . Since, 
by doing simple computation as in Lemma [3. 141 we see dim((f 4 )£|_£ 2 _£ 3 _/ 3 j(gj.)i.=o,i) = 15, 
we have that dim((f 4 )£j_£j £, ^j(ej)_j;=o,i) = 15 = dim(so( 6 )), moreover 5(9(6) is connected. 
Hence the mapping n is surjection. Thus we have that (F' 4 )£,,£ 2 ,£ 3 ,Fi(ci),it=o,i/Z 2 - 5(9(6). 
Therefore the group (F' 4 )£i,£ 2 ,£ 3 ,Ei(ei),*:=o,i is isomorphic to Spin{6) as the universal covering 
group 5(9(6), that is, (F’ 4 )£i,£ 2 .£ 3.^1 (*04=0,1 = Spin(6). 

Next, from the condition tA^iJSA^t - j3, we see that the group {a e Spin(lQ, C) \ tAJ3A^t 
= jS) = (5pm(10,C))^'^“ (which is connected) = ((EgC^T/.sote.o^rT^ ^ (£g)qi'. 5 o( 6 ) (Theorem 
16.31) . and so its type is so(lO) (Proposition 16.21 ) (Note that (Lg*')’’'^" = Lg and the C-linear 
transformation tAi^ induces the involutive automorphism of the group (£’g‘')‘^ , 5 ci( 6 ,c) fience 
we see that the group is isomorphic to either one of 

5p;n(10), 50(10), 5 pm( 10 )/Z 4 . 

Their center are Z 4 ,Z 2 , (1), respectively. However, since the center of (£’g)°i’®“® has 
the elements \,cr(j/,cr,o/, the group (£’g)‘^’’®“® has to be isomorphic to Spin(lQ) and its 
center is (1, cro^', cr, o^') s Z 4 . Hence the group of Case (i) is isomorphic to the group 
(Spin(6) X Spin(l0))/Z4. 

Case (ii). This case is impossible. Indeed, for a e Spin{6, C) c Spin{%, C) we can 
set a - (o'i,Q' 2 ,a 3 ),cri 6 5(9(6, C) c 5(9(8, C),q' 2 , 0-3 e 5(9(8, C) satisfying {aix)(a 2 y) - 
q' 3 (x^,x, 6 and similarly for 0 / e Spin(^), set o^' = (o-[,(T 2 ,crf),o-ic e 5(9(8) c 

5(9(8, C) satisfying {cr'^x)(cr' 2 y) - cr' 2 (^,x,y,e (£. (Remark. As a matrix, crj,cr' and cr' 
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are expressed as follows: 

cr; = diag(l,l,- 1 ,- 1 ,- 1 ,- 1 ,- 1 ,- 1 ), 

0-2 = diag(-7, -J,-J,-J), J = , 

0-3 = diag(J,-J,-J,-J).) 

Then, from the condition rar - crcr^a, we have (rai , Ta2, ras) - (cr'^ai , -cr2a2, - 0 - 303 ), 
that is. 

Tax — cr\a\, Ta2 — —o-^oa, — —cr'^a^. 

Here, as matrix, a\ is expressed as follows: 

, A e SOifi, C), 


where all blanks mean 0. Then, from Ta\ - o-jOi, we have 


, A' = /Be5(9(6,C),/^ = -l. 


As for 02 , from T 02 = - 0 -^ 02 , we have 02 = 0. Indeed, from the explicit form of 0 - 2 , it is 
sufficient to confirm this in the case 2 x 2-matrix. From 

la ^]/0 -a\ _ Ira Tb\ 

l^c c/jl^l oj“\c/ -cj“l^TC Tdj’ 

we have that ra - b,Tb - -a,TC - d,Td - —c, that is,, a - b - c - d - Q. Hence we see 
02 = 0. This is contrary to 02 e 5(9(8, C). 

Case (iii). This case is also impossible. Indeed, from the condition tot = 0-0, we have 
(toi, T02, T03) = (01,-02,-03), that is, 

TOl = Ol, TO2 = —a' 2 , TC(2 — —03. 

From TOl = oi, we have oi e 5(9(6) c 5(9(8). Hence, by the Principal of triality on 
5(9(8) we see that at e SO{%),k - 2,3, that is, TUk - ak,k — 2,3. However, from 
Tak - -ak, k - 2,3, we have ak - rak = -ak, that is, ak - 0. This is contrary to 
ak e 50(8). 

Case (iv). This case is also impossible. Indeed, from the condition tot = o^'o, we have 
(toi,to 2 ,to 3 ) = ( 0 -^ 01 , 0 - 202 , 0 - 303 ), that is, 

TOl = CTiO'i, T02 = 0-302, TO3 = O-3O3. 

As in the Case (ii), we have 02 = 0. This is contrary to 02 e 5(9(8, C). 

Therefore we have the required isomorphism 

s (Spin(6) X Spin(10))IZ4, Z4 - {(l,l),(cr^,crcr^),(cr,cr),(crcr^,cr^)}. 

□ 
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